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Summary. We give a survey of the meaning, status and applications of the Baum-Connes
Conjecture about the topological K-theory of the reduced group C*-algebra and the Farrell-
Jones Conjecture about the algebraic K- and L-theory of the group ring of a (discrete)
group G.

Keywords: K- and L-groups of group rings and group C*-algebras, Baum-Connes Conjec-
ture, Farrell-Jones Conjecture.

Mathematics subject classification 2000: 19A31, 19B28, 19D99, 19G24, 19K99, 46L80.

Introduction 2.1

This survey article is devoted to the Baum-Connes Conjecture about the topolog-
ical K-theory of the reduced group C*-algebra and the Farrell-Jones Conjecture
about the algebraic K- and L-theory of the group ring of a discrete group G. We
will present a unified approach to these conjectures hoping that it will stimu-
late further interactions and exchange of methods and ideas between algebraic
and geometric topology on the one side and non-commutative geometry on the
other.

Each of the above mentioned conjectures has already been proven for aston-
ishingly large classes of groups using a variety of different methods coming from
operator theory, controlled topology and homotopy theory. Methods have been
developed for this purpose which turned out to be fruitful in other contexts. The
conjectures imply many other well-known and important conjectures. Examples
are the Borel Conjecture about the topological rigidity of closed aspherical mani-
folds, the Novikov Conjecture about the homotopy invariance of higher signatures,
the stable Gromov-Lawson-Rosenberg Conjecture about the existence of Rieman-
nian metrics with positive scalar curvature and the Kadison Conjecture about
idempotents in the reduced C*-algebra of a torsionfree discrete group G.

Formulation of the Conjectures
The Baum-Connes and Farrell-Jones Conjectures predict that for every discrete
group G the following so called “assembly maps™ are isomorphisms.

HS(E'V@'%(G);KR) - Kn(RG) 5
HS(Evey(G); Ly ™) — LU ™/(RG) .

Here the targets are the groups one would like to understand, namely the topolog-
ical K-groups of the reduced group C*-algebra in the Baum-Connes case and the
algebraic K- or L-groups of the group ring RG for R an associative ring with unit.
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In each case the source is a G-homology theory evaluated on a certain classify-
ing space. In the Baum-Connes Conjecture the G-homology theory is equivariant
topological K-theory and the classifying space E¢; » (G) is the classifying space of
the family of finite subgroups, which is often called the classifying space for proper
G-actions and denoted EG in the literature. In the Farrell-Jones Conjecture the
G-homology theory is given by a certain K- or L-theory spectrum over the orbit
category, and the classifying space Evey(G) is the one associated to the family
of virtually cyclic subgroups. The conjectures say that these assembly maps are
isomorphisms.

These conjectures were stated in [28, conjecture 3.15 on page 254] and [111, 1.6
on page 257]. Our formulations differ from the original ones, but are equivalent.
In the case of the Farrell-Jones Conjecture we slightly generalize the original
conjecture by allowing arbitrary coefficient rings instead of Z. At the time of
writing no counterexample to the Baum-Connes Conjecture 59 or the Farrell-
Jones Conjecture 58 is known to the authors.

One can apply methods from algebraic topology such as spectral sequences and
Chern characters to the sources of the assembly maps. In this sense the sources are
much more accessible than the targets. The conjectures hence lead to very concrete
calculations. Probably even more important is the structural insight: to what extent
do the target groups show a homological behaviour. These aspects can be treated
completely analogously in the Baum-Connes and the Farrell-Jones setting.

However, the conjectures are not merely computational tools. Their importance
comes from the fact that the assembly maps have geometric interpretations in
terms of indices in the Baum-Connes case and in terms of surgery theory in the
Farrell-Jones case. These interpretations are the key ingredient in applications
and the reason that the Baum-Connes and Farrell-Jones Conjectures imply so
many other conjectures in non-commutative geometry, geometric topology and
algebra.

A User’s Guide

We have tried to write the text in a way such that one can read small units in-
dependently from the rest. Moreover, a reader who may only be interested in the
Baum-Connes Conjecture or only in the Farrell-Jones Conjecture for K-theory or
for L-theory can ignore the other parts. But we emphasize again that one basic idea
of this paper is to explain the parallel treatment of these conjectures.

A reader without much prior knowledge about the Baum-Connes Conjecture
or the Farrell-Jones Conjecture should begin with Chapt. 2.2. There, the special
case of a torsionfree group is treated, since the formulation of the conjectures is
less technical in this case and there are already many interesting applications. The
applications themselves however, are not needed later. A more experienced reader
may pass directly to Chapt. 2.3.

Other (survey) articles on the Farrell-Jones Conjecture and the Baum-Connes
Conjecture are [111,128,147,225,307].
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Notations and Conventions

Here is a briefing on our main notational conventions. Details are of course dis-
cussed in the text. The columns in the following table contain our notation for:
the spectra, their associated homology theory, the right hand side of the corre-
sponding assembly maps, the functor from groupoids to spectra and finally the
G-homology theory associated to these spectra valued functors.

BU K, (X) K,(C:G) K'P HS(X;K"P)
KR) H,(GK(R)) K,(RG) Kg HS(X; Kg)
LOR)  H,(X;LO(R)) LY(RG) LY HO(GLY)

We would like to stress that K without any further decoration will always refer to
the non-connective K-theory spectrum. LY will always refer to quadratic L-theory
with decoration j. For a C*- or Banach algebra A the symbol K,(A) has two possible
interpretations but we will mean the topological K-theory.

A ring is always an associative ring with unit, and ring homomorphisms are
always unital. Modules are left modules. We will always work in the category of
compactly generated spaces, compare [295] and [330, 1.4]. For our conventions
concerning spectra see Sect. 2.7.2. Spectra are denoted with boldface letters such
as E.
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floor of the Hancock building, where this introduction was drafted.
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The Conjectures in the Torsion Free Case 2.2

In this chapter we discuss the Baum-Connes and Farrell-Jones Conjectures in
the case of a torsion free group. Their formulation is less technical than in the
general case, but already in the torsion free case there are many interesting and
illuminating conclusions. In fact some of the most important consequences of
the conjectures, like for example the Borel Conjecture (see Conjecture 27) or
the Kadison Conjecture (see Conjecture 39), refer exclusively to the torsion free
case. On the other hand in the long run the general case, involving groups with
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torsion, seems to be unavoidable. The general formulation yields a clearer and
more complete picture, and furthermore there are proofs of the conjectures for
torsion free groups, where in intermediate steps of the proof it is essential to have
the general formulation available (compare Sect. 2.8.9).

The statement of the general case and further applications will be presented in
the next chapter. The reader may actually skip this chapter and start immediately
with Chapt. 2.3.

We have put some effort into dealing with coefficient rings R other than the
integers. A topologist may a priori be interested only in the case R = Z but other
cases are interesting for algebraists and also do occur in computations for integral
group rings.

Algebraic K-Theory — Low Dimensions

A ring R is always understood to be associative with unit. We denote by K,(R)
the algebraic K-group of R for n € Z. In particular Ky(R) is the Grothendieck
group of finitely generated projective R-modules and elements in K;(R) can be
represented by automorphisms of such modules. In this section we are mostly
interested in the K-groups K, (R) with n < 1. For definitions of these groups we
refer to [221,266,286,299,323] for n = 0,1 and to [22] and [268] for n < 1.

For a ring R and a group G we denote by

Ay = Ko(i): Ko(R) = Ko(RG)

the map induced by the natural inclusion i: R — RG. Sending (g, [P]) € Gx Ky(R)
to the class of the RG-automorphism

R[G]®r P — R[G] ®r P, u®@x+> ug ' ®@x

defines a map @: G ®z Ko(R) — K (RG), where G, denotes the abelianized
group. We set

A =@ @K (i): Gap ®z Ko(R) @ Ki(R) = Ki(RG) .

We recall the notion of a regular ring. We think of modules as left modules
unless stated explicitly differently. Recall that R is Noetherian if any submodule of
a finitely generated R-module is again finitely generated. It is called regular if it is
Noetherian and any R-module has a finite-dimensional projective resolution. Any
principal ideal domain such as Z or a field is regular.

The Farrell-Jones Conjecture about algebraic K-theory implies for a torsion
free group the following conjecture about the low dimensional K-theory groups.

Conjecture 1:  (The Farrell-Jones Conjecture for Low Dimensional K-theory and
Torsion Free Groups.) Let G be a torsion free group and let R be a regular ring.
Then

K,(RG) =0 forn<-1
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and the maps
Ko(R) 2% Ko(RG) and

Gay ®z Ko(R) @ K1 (R) 25 K1 (RG)

are both isomorphisms.

Every regular ring satisfies K,,(R) = 0 for n < —1 [268, 5.3.30 on page 295]
and hence the first statement is equivalent to K,,(i): K,(R) — K,(RG) being an
isomorphism for n < —1. In Remark 15 below we explain why we impose the
regularity assumption on the ring R.

For a regular ring R and a group G we define WhY(G) as the cokernel of the map
A; and Wh§(G) as the cokernel of the map Ay. In the important case where R = Z
the group Wh¥(G) coincides with the classical Whitehead group Wh(G) which
is the quotient of K;(ZG) by the subgroup consisting of the classes of the units
+¢ € (ZG)™ for g € G. Moreover for every ring R we define the reduced algebraic
K-groups K,(R) as the cokernel of the natural map K,(Z) — K,(R). Obviously
Wh2(G) = Ky(ZG).

Lemma 2 The map A is always injective. If R is commutative and the natural map
Z — Ky(R), 1 + [R] is an isomorphism, then the map A, is injective.

Proof The augmentatione: RG — R, which maps each group element g to 1, yields
a retraction for the inclusion i: R — RG and hence induces a retraction for A,.
If the map Z — Ky(R), 1 — [R] induces an isomorphism and R is commutative,
then we have the commutative diagram

Aj
Gab ®7 Ko(R) ® Ki(R) —— Ki(RG)

!

= Kl (RGab)
\L (det, K1 (€))
Gap ®Ki(R) ——> RGY@®K(R),

where the upper vertical arrow on the right is induced from the map G — Gy
to the abelianization. Since RG,y, is a commutative ring we have the determinant
det: K; (RGap) — (RGg,)™. The lower horizontal arrow is induced from the ob-
vious inclusion of G, into the invertible elements of the group ring RG,, and in
particular injective.



710 Wolfgang Liick, Holger Reich

In the special case R = Z Conjecture 1 above is equivalent to the following
conjecture.

Conjecture 3: (Vanishing of Low Dimensional K-theory for Torsionfree Groups
and Integral Coefficients.) For every torsion free group G we have

K, (ZG) =0 forn<—1, Ko(ZG)=0 and Wh(G)=0.

2.2.2

Remark 4: (Torsionfree is Necessary.) In general Ko(ZG) and Wh(G) do not vanish
for finite groups. For example I?O(Z[Z/ZS]) = 7/3 [221, pp. 29,30] and Wh(Z/[p) =
7" for p an odd prime [70, 11.5 on page 45]. This shows that the assumption that
G is torsion free is crucial in the formulation of Conjecture 1 above.

For more information on Ky(ZG) and Whitehead groups of finite groups see for
instance [22, chapt. XI], [79,220,231,232] and [299].

Applications |

We will now explain the geometric relevance of the groups whose vanishing is
predicted by Conjecture 3.

The s-Cobordism Theorem and the Poincaré Conjecture

The Whitehead group Wh(G) plays a key role if one studies manifolds because of
the so called s-Cobordism Theorem. In order to state it, we explain the notion of
an h-cobordism.

Manifold always means smooth manifold unless it is explicitly stated differently.
We say that W or more precisely (W; M~, f~, M*, f*) is an n-dimensional cobordism
over M~ if W is a compact n-dimensional manifold together with the following:
a disjoint decomposition of its boundary W into two closed (n — 1)-dimensional
manifolds 0”W and 0*W, two closed (n — 1)-dimensional manifolds M~ and
M™* and diffeomorphisms f~: M~ — 9"W and f*: M* — 90"W. The cobor-
dism is called an h-cobordism if the inclusions i : "W — W and i*: "W —
W are both homotopy equivalences. Two cobordisms (W;M~,f~,M™*,f*) and
(W' M~ f"~,M'™,f"*) over M~ are diffeomorphic relative M~ if there is a diffeo-
morphism F: W — W’ with Fo f~ = f'~. We call a cobordism over M~ trivial,
if it is diffeomorphic relative M~ to the trivial h-cobordism given by the cylinder
M~ x [0, 1] together with the obvious inclusions of M~ x {0} and M~ x {1}. Note
that “trivial” implies in particular that M~ and M" are diffeomorphic.

The question whether a given h-cobordism is trivial is decided by the Whitehead
torsion (W; M~) € Wh(G) where G = m;(M™). For the details of the definition
of t(W;M™) the reader should consult [70,220] or chapt. 2 in [200]. Compare
also [266].
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Theorem 5: (s-Cobordism Theorem.) Let M~ be a closed connected oriented

manifold of dimension n > 5 with fundamental group G = m;(M~). Then

(i) An h-cobordism W over M~ is trivial if and only if its Whitehead torsion
(W, M~) € Wh(G) vanishes.

(ii) Assigning to an h-cobordism over M~ its Whitehead torsion yields a bijection
from the diffeomorphism classes relative M~ of h-cobordisms over M~ to the
Whitehead group Wh(G).

The s-Cobordism Theorem is due to Barden, Mazur and Stallings. There are also
topological and PL-versions. Proofs can be found for instance in [173], [176,
Essay III], [200] and [272, pp. 87-90].

The s-Cobordism Theorem tells us that the vanishing of the Whitehead group
(as predicted in Conjecture 3 for torsion free groups) has the following geometric
interpretation.

Consequence 6 For a finitely presented group G the vanishing of the Whitehead
group Wh(G) is equivalent to the statement that each h-cobordism over a closed
connected manifold M~ of dimension dim(M~) > 5 with fundamental group
m (M) = Gis trivial.

Knowing that all h-cobordisms over a given manifold are trivial is a strong and
useful statement. In order to illustrate this we would like to discuss the case where
the fundamental group is trivial.

Since the ring Z has a Gaussian algorithm, the determinant induces an isomor-
phism K;(Z) = {#£1} (compare [268, theorem 2.3.2]) and the Whitehead group
Wh({1}) of the trivial group vanishes. Hence any h-cobordism over a simply con-
nected closed manifold of dimension > 5 is trivial. As a consequence one obtains
the Poincaré Conjecture for high dimensional manifolds.

Theorem 7:  (Poincaré Conjecture.) Suppose n > 5. If the closed manifold M is
homotopy equivalent to the sphere S”, then it is homeomorphic to §".

Proof We only give the proof for dim(M) > 6. Let f: M — S” be a homotopy
equivalence. Let D" C M and D C M be two disjoint embedded disks. Let W
be the complement of the interior of the two disks in M. Then W turns out to be
a simply connected h-cobordism over dD". Hence we can find a diffeomorphism

F: (8D x [0,1];0D" x {0},0D" x {1}) — (W;0D",aD}),

which is the identity on dD"” = 0D” x {0} and induces some (unknown) dif-
feomorphism f*: D" x {1} — 9D". By the Alexander trick one can extend
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f*:8D" = D" x {1} — AD" to a homeomorphism f*: D" — D' Namely, any
homeomorphism f: §"! — §"! extends to a homeomorphism f: D" — D" by
sending t - x for t € [0,1] and x € S" ! to t - f(x). Now define a homeomorphism
h: D" x {0} Ui oD" x [0,1] U;, D" x {1} — M for the canonical inclusions
ix: 0D" x {k} — 9oD" x [0,1] for k = 0,1 by hlpr o = id, hlaprxjo,1) = F and
hlprxqy = f_+ Since the source of & is obviously homeomorphic to §”, Theorem 7
follows.

The Poincaré Conjecture (see Theorem 7) is at the time of writing known in all
dimensions except dimension 3. It is essential in its formulation that one concludes
M to be homeomorphic (as opposed to diffeomorphic) to S". The Alexander trick
does not work differentiably. There are exotic spheres, i.e. smooth manifolds which
are homeomorphic but not diffeomorphic to S” [218].

More information about the Poincaré Conjecture, the Whitehead torsion and
the s-Cobordism Theorem can be found for instance in [50, 70, 86, 131, 132, 141,
173,200,219,220,266] and [272].

Finiteness Obstructions
We now discuss the geometric relevance of Ko(ZG).

Let X be a CW-complex. It is called finite if it consists of finitely many cells.
It is called finitely dominated if there is a finite CW-complex Y together with
maps i: X — Y and r: Y — X such that r o i is homotopic to the identity on
X. The fundamental group of a finitely dominated CW-complex is always finitely
presented.

While studying existence problems for spaces with prescribed properties (like
for example group actions), it happens occasionally that it is relatively easy
to construct a finitely dominated CW-complex within a given homotopy type,
whereas it is not at all clear whether one can also find a homotopy equivalent
finite CW-complex. Wall’s finiteness obstruction, a certain obstruction element
3(X) € Ko(Zm (X)), decides the question.

Theorem 8: (Properties of the Finiteness Obstruction.) Let X be a finitely domi-

nated CW-complex with fundamental group m = m;(X).

(i) The space X is homotopy equivalent to a finite CW-complex if and only if
3(X) = 0 € Ko(Zm).

(ii) Every element in Ko(ZG) can be realized as the finiteness obstruction 3(X)
of a finitely dominated CW-complex X with G = m;(X), provided that G is
finitely presented.

(iii) Let Z be a space such that G = m(Z) is finitely presented. Then there
is a bijection between Ko(ZG) and the set of equivalence classes of maps
f: X — Zwith X finitely dominated under the equivalence relation explained
below.



The Baum-Connes and the Farrell-Jones Conjectures in K- and L-Theory 713

The equivalence relation in (iii) is defined as follows: Two maps f: X — Z and
f'+ X' - Z with X and X’ finitely dominated are equivalent if there exists a com-
mutative diagram

X Xi X5 X3 =— X

>

where h and /' are homotopy equivalences and j and j are inclusions of sub-
complexes for which X;, respectively X3, is obtained from X, respectively X', by
attaching a finite number of cells.

The vanishing of K¢(ZG) as predicted in Conjecture 3 for torsion free groups
hence has the following interpretation.

Consequence 9 For a finitely presented group G the vanishing of Ko (ZG) is equiv-
alent to the statement that any finitely dominated CW-complex X with G = m;(X)
is homotopy equivalent to a finite CW-complex.

For more information about the finiteness obstruction we refer for instance to [125,
126,196,224,257,266,308,317] and [318].

Negative K-Groups and Bounded h-Cobordisms
One possible geometric interpretation of negative K-groups is in terms of bounded
h-cobordisms. Another interpretation will be explained in Sect. 2.2.4 below.

We consider manifolds W parametrized over RF, i.e. manifolds which are
equipped with a surjective proper map p: W — R¥. We will always assume that
the fundamental group(oid) is bounded, compare [239, definition 1.3]. A map
f: W — W’ between two manifolds parametrized over R is bounded if {p’ o f (x) —
p(x) | x € W} is a bounded subset of R,

A bounded cobordism (W; M, f~,M",f*) is defined just as in Sect. 2.2.2 but
compact manifolds are replaced by manifolds parametrized over R¥ and the
parametrization for M* is given by py o f*. If we assume that the inclusions
it: 3*W — W arehomotopy equivalences, then there exist deformations r: W x
I — W, (x,t) > r¥(x) such that ry = idy and r;"(W) C 9FW.

A bounded cobordism is called a bounded h-cobordism if the inclusions i* are
homotopy equivalences and additionally the deformations can be chosen such that
the two sets

§* = {pworf(x)—pworf(x) | xe W,te[0,1]}

are bounded subsets of R,
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The following theorem (compare [239] and [327, appendix]) contains the s-
Cobordism Theorem 5 as a special case, gives another interpretation of elements
in Ky(Zm) and explains one aspect of the geometric relevance of negative K-groups.

10

223

Theorem 10: (Bounded h-Cobordism Theorem.) Suppose that M~ is paramet-
rized over R¥ and satisfies dim M~ > 5. Let 7 be its fundamental group(oid).
Equivalence classes of bounded h-cobordisms over M~ modulo bounded diffeo-
morphism relative M~ correspond bijectively to elements in x,_(), where

Wh(m)  ifk=0,
xik(m) =K (Zn)  ifk=1,
Ki(Zm) ifk>2.

More information about negative K-groups can be found for instance in [8,22,57,
58,113,213,238,239,252,259,268] and [327, appendix].

Algebraic K-Theory - All Dimensions

So far we only considered the K-theory groups in dimensions < 1. We now want
to explain how Conjecture 1 generalizes to higher algebraic K-theory. For the
definition of higher algebraic K-theory groups and the (connective) K-theory
spectrum see [35,52,158,249,268,292,315] and [323]. We would like to stress that
for us K(R) will always denote the non-connective algebraic K-theory spectrum
for which K,(R) = m,(K(R)) holds for all n € Z. For its definition see [52, 194]
and [237].

The Farrell-Jones Conjecture for algebraic K-theory reduces for a torsion free
group to the following conjecture.

11

Conjecture 11:  (Farrell-Jones Conjecture for Torsion Free Groups and K-theory.)
Let G be a torsion free group. Let R be a regular ring. Then the assembly map

H,(BG;K(R)) — Ku(RG)

is an isomorphism for n € Z.

Here H,(—; K(R)) denotes the homology theory which is associated to the spec-
trum K(R). It has the property that H,(pt; K(R)) is K,,(R) for n € Z, where here and
elsewhere pt denotes the space consisting of one point. The space BG is the classi-
fying space of the group G, which up to homotopy is characterized by the property
that it is a CW-complex with 7, (BG) = G whose universal covering is contractible.
The technical details of the construction of H,(—; K(R)) and the assembly map will
be explained in a more general setting in Sect. 2.3.1.

The point of Conjecture 11 is that on the right-hand side of the assembly map
we have the group K,(RG) we are interested in, whereas the left-hand side is
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ahomology theory and hence much easier to compute. For every homology theory
associated to a spectrum we have the Atiyah-Hirzebruch spectral sequence, which
in our case has Elz),q = H,(BG; K,(R)) and converges to H,,4(BG; K(R)).

If R is regular, then the negative K-groups of R vanish and the spectral sequence
lives in the first quadrant. Evaluating the spectral sequence for n = p+¢g < 1 shows
that Conjecture 11 above implies Conjecture 1.

Remark 12: (Rational Computation.) Rationally an Atiyah-Hirzebruch spectral
sequence collapses always and the homological Chern character gives an isomor-
phism

ch: @D Hy(BG;Q) ®q (Ky(R) ®2 Q) = Hy(BGK(R)) ®2Q .
ptq=n

The Atiyah-Hirzebruch spectral sequence and the Chern character will be dis-
cussed in a much more general setting in Chapt. 2.9.

12

Remark 13: (Separation of Variables.) We see that the left-hand side of the iso-
morphism in the previous remark consists of a group homology part and a part
which is the rationalized K-theory of R. (Something similar happens before we
rationalize at the level of spectra: The left hand side of Conjecture 11 can be
interpreted as the homotopy groups of the spectrum BG,AK(R).) So essentially
Conjecture 11 predicts that the K-theory of RG is built up out of two independent
parts: the K-theory of R and the group homology of G. We call this principle sep-
aration of variables. This principle also applies to other theories such as algebraic
L-theory or topological K-theory. See also Remark 179.

13

Remark 14: (K-theory of the Coefficients.) Note that Conjecture 11 can only help
us to explicitly compute the K-groups of RG in cases where we know enough about
the K-groups of R. We obtain no new information about the K-theory of R itself.
However, already for very simple rings the computation of their algebraic K-theory
groups is an extremely hard problem.

It is known that the groups K,(Z) are finitely generated abelian groups [248].
Due to Borel [39] we know that

Q ifn=0;
Ki(Z)®zQ=1Q ifn=4k+1withk>1;
0 otherwise.

Since Z is regular we know that K,,(Z) vanishes for n < —1. Moreover, Ky(Z) =
Z and K;(Z) = {£1}, where the isomorphisms are given by the rank and the
determinant. One also knows that K»(Z) = Z/2, K3(Z) = Z[48 [189] and K4(Z) =

14
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0 [264]. Finite fields belong to the few rings where one has a complete and explicit
knowledge of all K-theory groups [247]. We refer the reader for example to [177,
226,265,322] and Soulé’s article in [193] for more information about the algebraic
K-theory of the integers or more generally of rings of integers in number fields.

Because of Borel’s calculation the left hand side of the isomorphism described
in Remark 12 specializes for R = Z to

H,(BG; Q) ® @) Hy-(a1+1)(BG; Q) (2.1)
k=1

and Conjecture 11 predicts that this group is isomorphic to K,,(ZG) ®z Q.

Next we discuss the case where the group G is infinite cyclic.

15

Remark 15: (Bass-Heller-Swan Decomposition.) The so called Bass-Heller-
Swan-decomposition, also known as the Fundamental Theorem of algebraic
K-theory, computes the algebraic K-groups of R[Z] in terms of the algebraic
K-groups and Nil-groups of R:

K,(R[Z]) = Ky-1(R) ® Ku(R) @ NK,,(R) & NK,(R) .

Here the group NK,,(R) is defined as the cokernel of the split injection K,(R) —
K, (R[t]). It can be identified with the cokernel of the split injection K,—(R) —
K1 (Nil(R)). Here K, (Nil(R)) denotes the K-theory of the exact category of nilpo-
tent endomorphisms of finitely generated projective R-modules. For negative n it
is defined with the help of Bass’ notion of a contracting functor [22] (see also [57]).
The groups are known as Nil-groups and often denoted Nil,,_; (R).

For proofs of these facts and more information the reader should consult [22,
chapt. XII], [25], [135, theorem on page 236], [249, corollary in §6 on page 38], [268,
theorems 3.3.3 and 5.3.30], [292, theorem 9.8] and [300, theorem 10.1].

If we iterate and use R[Z"] = R[Z"'][Z] we see that a computation of K,,(RG)
must in general take into account information about K;(R) foralli < n.In particular
we see that it is important to formulate Conjecture 11 with the non-connective K-
theory spectrum.

Since S' is a model for BZ, we get an isomorphism

Hy(BZ;K(R)) = Ky-1(R) @ Ku(R)
and hence Conjecture 11 predicts
Ky(R[Z]) = Ky—1(R) ® Ky(R) .

This explains why in the formulation of Conjecture 11 the condition that R is
regular appears. It guarantees that NK,(R) = 0 [268, theorem 5.3.30 on page 295].
There are weaker conditions which imply that NK,,(R) = 0 but “regular” has the
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advantage that R regular implies that R[t] and R[Z] = R[t*!] are again regular,
compare the discussion in sect. 2 in [23].

The Nil-terms NK,,(R) seem to be hard to compute. For instance NK; (R) either
vanishes or is infinitely generated as an abelian group [95]. In Sect. 2.5.2 we will
discuss the Isomorphism Conjecture for NK-groups. For more information about
Nil-groups see for instance [73,74, 146,324] and [325].

Applications Il

The Relation to Pseudo-Isotopy Theory

Let I denote the unit interval [0,1]. A topological pseudoisotopy of a compact
manifold M is a homeomorphism h: M x I — M x I, which restricted to
M x {0} UM x I is the obvious inclusion. The space P(M) of pseudoiso-
topies is the (simplicial) group of all such homeomorphisms. Pseudoisotopies
play an important role if one tries to understand the homotopy type of the
space Top(M) of self-homeomorphisms of a manifold M. We will see below in
Sect. 2.2.6 how the results about pseudoisotopies discussed in this section com-
bined with surgery theory lead to quite explicit results about the homotopy groups
of Top(M).

Thereisa stabilization map P(M) — P(M xI) given by crossing a pseudoisotopy
with the identity on the interval I and the stable pseudoisotopy space is defined
as (M) = colim; P(M x I¥). In fact £(-) can be extended to a functor on all
spaces [144]. The natural inclusion P(M) — £ (M) induces an isomorphism on
the i-th homotopy group if the dimension of M is large compared to i, see [43]
and [157].

Waldhausen [314, 315] defines the algebraic K-theory of spaces functor A(X)
and the functor Wh'(X) from spaces to spectra (or infinite loop spaces) and
a fibration sequence

X, AA(pt) — A(X) — Wh'(X) .

Here X, AA(pt) — A(X) is an assembly map, which can be compared to the
algebraic K-theory assembly map that appears in Conjecture 11 via a commutative
diagram

H,(X;A(pt)) ——— m,(A(X))

| !

H,(Bm (X);K(Z)) —— Ku(Zm(X)) .

In the case where X =~ BG is aspherical the vertical maps induce isomorphisms
after rationalization forn > 1,compare [314, proposition 2.2]. Since Q? Wht(X) ~
P (X) (a guided tour through the literature concerning this and related results can

224
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be found in [91, sect. 9]), Conjecture 11 implies rational vanishing results for the
groups 1, (P (M)) if M is an aspherical manifold. Compare also Remark 111.

16

Consequence 16 Suppose M is a closed aspherical manifold and Conjecture 11
holds for R = Z and G = m; (M), then for alln > 0

(P (M) ®2Q=0.

Similarly as above one defines smooth pseudoisotopies and the space of stable
smooth pseudoisotopies PP (M). There is also a smooth version of the Whitehead
space WhP(X) and Q2 WhP'(M) ~ PPiff(M). Again there is a close relation to
A-theory via the natural splitting A(X) >~ X*(X,) v WhP*(X), see [316]. Here
2*(X,) denotes the suspension spectrum associated to X,. Using this one can
split off an assembly map H,(X; WhDiff(pt)) — 1,(WhPiff(x )) from the A-theory
assembly map. Since for every space m,(°(X,)) ®z Q = H,(X; Q) Conjecture 11
combined with the rational computation in (2.1) yields the following result.

17

Consequence 17 Suppose M is a closed aspherical manifold and Conjecture 11
holds for R = Z and G = r;(M). Then for n > 0 we have

m(PPEM)) ®2 Q = @) Hi-art (M5 Q) .
k=1

Observe that the fundamental difference between the smooth and the topological
case occurs already when G is the trivial group.

Negative K-Groups and Bounded Pseudo-Isotopies
We briefly explain a further geometric interpretation of negative K-groups, which
parallels the discussion of bounded h-cobordisms in Sect. 2.2.2.

Let p: M x R¥ — R¥ denote the natural projection. The space P,(M;R¥) of
bounded pseudoisotopies is the space of all self-homeomorphisms #: M xR¥xT —
M x RF x I such that restricted to M x RF x {0} the map F is the inclusion and
such that /1 is bounded, i.e. the set {p o h(y) — p(y) | y € M x R¥ x I} is a bounded
subset of R, There is again a stabilization map P,(M;R¥) — P,(M x I;R¥) and
a stable bounded pseudoisotopy space $;,(M; RK) = colim; P,(M x U; R¥). There
is a homotopy equivalence #,(M;R¥) — Q&,(M; R¥*!) [144, appendix II] and
hence the sequence of spaces #,(M;R¥) for k = 0,1, ... is an Q-spectrum P(M).
Analogously one defines the differentiable bounded pseudoisotopies PJiff(M; R¥)
and an Q-spectrum PYff(M). The negative homotopy groups of these spectra have
an interpretation in terms of low and negative dimensional K-groups. In terms
of unstable homotopy groups this is explained in the following theorem which is
closely related to Theorem 10 about bounded h-cobordisms.
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Theorem 18: (Negative Homotopy Groups of Pseudoisotopies.) Let G = m(M). 18
Suppose n and k are such that n + k > 0, then for k > 1 there are isomorphisms

Wh(G)  ifn=-1,
Tuk(P(MRY) = 1 Ky(2G)  ifn=-2,
Kpn(ZG) ifn<—-2.

The same result holds in the differentiable case.

Note that Conjecture 11 predicts that these groups vanish if G is torsionfree. The
result above is due to Anderson and Hsiang [8] and is also discussed in [327,
appendix].

L-Theory 225

We now move on to the L-theoretic version of the Farrell-Jones Conjecture. We
will still stick to the case where the group is torsion free. The conjecture is obtained
by replacing K-theory and the K-theory spectrum in Conjecture 11 by 4-periodic
L-theory and the L-theory spectrum L™ (R). Explanations will follow below.

Conjecture 19:  (Farrell-Jones Conjecture for Torsion Free Groups and L-theory.) 19
Let G be a torsion free group and let R be a ring with involution. Then the as-
sembly map

H,(BG; L™ (R)) - LS (RG)

is an isomorphism for n € Z.

To a ring with involution one can associate (decorated) symmetric or quadratic
algebraic L-groups, compare [44, 45,256,259] and [332]. We will exclusively deal
with the quadratic algebraic L-groups and denote them by LY (R). Here n € Z and
je{-oo} L {j € Z|j< 2}is the so called decoration. The decorations j = 0, 1
correspond to the decorations p, h and j = 2 is related to the decoration s appearing
in the literature. Decorations will be discussed in Remark 21 below. The L-groups
L,<{> (R) are 4-periodic, i.e. L,<{> (R) = Lgi4(R) forn e Z.

If we are given an involution r — 7 on a ring R, we will always equip RG with
the involution that extends the given one and satisfies g = ¢!. On Z, Q and R we
always use the trivial involution and on C the complex conjugation. '

One can construct an L-theory spectrum LY (R) such that 7, (LY (R)) = L,S’) (R),
compare [258, § 13]. Above and in the sequel H,(—; L% (R)) denotes the homology
theory which is associated to this spectrum. In particular we have H,(pt; L9 (R)) =
LY (R). We postpone the discussion of the assembly map to Sect. 2.3.1 where we
will construct it in greater generality.
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20

Remark 20: (The Coefficients in the L-theory Case.) In contrast to K-theory
(compare Remark 14) the L-theory of the most interesting coefficient ring R = Z is
wellknown. ThegroupsLU (Z) for fixed nand varyingj € {—oo}ll{j € Z |é < 2}are
all naturally 1somorph1c (compare Proposition 23 below) and we have L, (z) =

and L2 (Z) = ZJ2, where the 1somorphlsms are given by the signature d1v1ded
by 8 and the Arf invariant, and L<] (7)) = LO (Z) = 0, see [41, chapt. III], [256,
proposition 4.3.1 on page 419].

21

Remark 21: (Decorations.) L-groups are designed as obstruction groups for
surgery problems. The decoration reflects what kind of surgery problem one
is interested in. All L-groups can be described as cobordism classes of suitable
quadratic Poincaré chain complexes. If one works with chain complexes of finitely
generated free based R-modules and requires that the torsion of the Poincaré
chain homotopy equivalence vanishes in K, (R), then the corresponding L-groups
are denoted L{ (R). If one drops the torsion condition, one obtains L{" (R), which
is usually denoted L"(R). If one works with finitely generated projective modules,
one obtains L (R), which is also known as L?(R).

The L-groups with negative decorations can be defined inductively via the
Shaneson splitting, compare Remark 26 below. Assuming that the L-groups with
decorations j have already been defined one sets

L7 (R) = coker (LY (R) — L7 (RIZ))) -

Compare [259, definition 17.1 on page 145]. Alternatively these groups can be
obtained via a process which is in the spirit of Sects. 2.2.2 and 2.2.4. One can
define them as L-theory groups of suitable categories of modules parametrized
over R¥. For details the reader could consult [55, sect. 4]. There are forgetful maps
L(]H (R) — Lv (R). The group L{~(R) is defined as the colimit over these maps.
For more information see [254, 259]

For group rings we also define L (RG) similar to L{* (RG) but we require the
torsion to lie in imA; C K;(RG), where A; is the map defined in Sect. 2.2.1.
Observe that L’ (RG) really depends on the pair (R, G) and differs in general from
L2 (RG).

22

Remark 22: (The Interplay of K- and L-theory.) For j < 1 there are forgetful
maps L,(] ) (R) — L,(] ) (R) which sit inside the following sequence, which is known
as the Rothenberg sequence [256, proposition 1.10.1 on page 104], [259, 17.2].

.. = LI(R) - LY (R) — H"(Z[2K(R))

- LR - L (R) > ... (2.2)
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Here H"(Z[2; K (R)) is the Tate-cohomology of the group Z/2 with coefficients
in the Z[Z/2] module K (R). The involution on K (R) comes from the involution
on R. There is a 31m11ar sequence relating L; (RG) and Lh (RG), where the third
term is the Z/2-Tate-cohomology of WhIf(G). Note that Tate-cohomology groups
of the group {2 are always annihilated by multiplication with 2. In particular
LY(R) [1] = LY(R) @, Z [1] is always independent of ;.

Let us formulate explicitly what we obtain from the above sequences for
R =7G.

Proposition 23 Let Gbe a torsion free group, then Conjecture 3 about the vanishing
of Wh(G), Ko(ZG) and K_;(ZG) for i > 1 implies that for fixed n and varying
je{—oo} I {] € Z | j < 1} the L-groups LY(ZG) are all naturally isomorphic and
moreover L\ (ZG) = Lﬁ(ZG) L (ZG).

23

Remark 24: (Rational Computation.) As in the K-theory case we have an Atiyah-
Hirzebruch spectral sequence:

E;,q = HP(BG; Lé‘oo) (R)) = Hp+q(BG; L(—oc)(R)) '

Rationally this spectral sequence collapses and the homological Chern character
gives for n € Z an isomorphism
ch: @D H,(BG:Q) ®g (Ly™ (R) ®2Q) > Hy(BGL ™ (R) ®2 Q. (23)
prq=n

In particular we obtain in the case R = Z from Remark 20 for all # € Z and all
decorations j an isomorphism

ch: D H, &(BG;Q) > H,(BGLY(Z)) 2 Q . (2.4)
k=0

This spectral sequence and the Chern character above will be discussed in a much
more general setting in Chapt. 2.9.

24

Remark 25: (Torsion Free is Necessary.) If G is finite, R = Z and n = 0, then
the rationalized left hand side of the assembly equals QQ, whereas the right hand
side is isomorphic to the rationalization of the real representation ring. Since the
group homology of a finite group vanishes rationally except in dimension 0, the
previous remark shows that we need to assume the group to be torsion free in
Conjecture 19.

25
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26

2.2.6

Remark 26: (Shaneson splitting.) The Bass-Heller-Swan decomposition in
K-theory (see Remark 15) has the following analogue for the algebraic L-groups,
which is known as the Shaneson splitting [284]

LORIZ) ELY V(R @ LY(R) . (2.5)
Here for the decoration j = —oo one has to interpret j— 1 as —oo. Since S! is a model
for BZ, we get an isomorphisms

H,(BZ; LY (R) =LY (R) @ LY (R) .

This explains why in the formulation of the L-theoretic Farrell-Jones Conjecture
for torsion free groups (see Conjecture 19) we use the decoration j = —oo.

Aslong as one deals with torsion free groups and one believes in the low dimen-
sional part of the K-theoretic Farrell-Jones Conjecture (predicting the vanishing
of Wh(G), Ko(ZG) and of the negative K-groups, see Conjecture 3) there is no dif-
ference between the various decorations j, compare Proposition 23. But as soon as
one allows torsion in G, the decorations make a difference and it indeed turns out
that if one replaces the decorationj = —oo by j = s, hor p there are counterexamples
for the L-theoretic version of Conjecture 58 even for R = Z [123].

Even though in the above Shaneson splitting (2.5) there are no terms analogous
to the Nil-terms in Remark 15 such Nil-phenomena do also occur in L-theory, as
soon as one considers amalgamated free products. The corresponding groups are
the UNil-groups. They vanish if one inverts 2 [49]. For more information about
the UNil-groups we refer to [15,46,47,74,77,96,260].

Applications Il

The Borel Conjecture

One of the driving forces for the development of the Farrell-Jones Conjectures is
still the following topological rigidity conjecture about closed aspherical mani-
folds, compare [107]. Recall that a manifold, or more generally a CW-complex,
is called aspherical if its universal covering is contractible. An aspherical CW-
complex X with m(X) = G is a model for the classifying space BG. If X is an
aspherical manifold and hence finite dimensional, then Gis necessarily torsionfree.

27

Conjecture 27:  (Borel Conjecture.) Let f: M — N be a homotopy equivalence
of aspherical closed topological manifolds. Then f is homotopic to a homeomor-
phism. In particular two closed aspherical manifolds with isomorphic fundamental
groups are homeomorphic.

Closely related to the Borel Conjecture is the conjecture that each aspherical finitely
dominated Poincaré complex is homotopy equivalent to a closed topological man-
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ifold. The Borel Conjecture 27 is false in the smooth category, i.e. if one replaces
topological manifold by smooth manifold and homeomorphism by diffeomor-
phism [106].

Using surgery theory one can show that in dimensions > 5 the Borel Conjecture
is implied by the K-theoretic vanishing Conjecture 3 combined with the L-theoretic
Farrell-Jones Conjecture.

Theorem 28:  (The Farrell-Jones Conjecture Implies the Borel Conjecture.) Let G
be a torsion free group. If Wh(G), Ko(ZG) and all the groups K_;(ZG) withi > 1
vanish and if the assembly map

H,(BG; L") (Z)) — LI >N(ZG)

is an isomorphism for all n, then the Borel Conjecture holds for all orientable
manifolds of dimension > 5 whose fundamental group is G.

The Borel Conjecture 27 can be reformulated in the language of surgery theory
to the statement that the topological structure set $°°°(M) of an aspherical closed
topological manifold M consists of a single point. This set is the set of equivalence
classes of homotopy equivalences f: M’ — M with a topological closed manifold
as source and M as target under the equivalence relation, for which fy: My — M
and f;: M; — M are equivalent if there is a homeomorphism g: My — M; such
that f; o g and f; are homotopic.

The surgery sequence of a closed orientable topological manifold M of dimen-
sion n > 5 is the exact sequence

o J\/nH(M x [0,1],M x {0, 1}) 5 L (Zm (M) N S°P(M)
L MM S L(Zm (M),

which extends infinitely to the left. It is the basic tool for the classification of
topological manifolds. (There is also a smooth version of it.) The map o appearing
in the sequence sends a normal map of degree one to its surgery obstruction. This
map can be identified with the version of the L-theory assembly map where one
works with the 1-connected cover L*(Z)(1) of L*(Z). The map Hy(M; L (Z)(1)) —
Hi(M;L°(Z)) is injective for k = n and an isomorphism for k > n. Because of the K-
theoretic assumptions we can replace the s-decoration with the (—oo)-decoration,
compare Proposition 23. Therefore the Farrell-Jones Conjecture 19 implies that the
mapso: N,(M) — L$(Zm (M))and N4 (M x [0, 1], Mx{0,1}) > LS, (Zm; (M)
are injective respectively bijective and thus by the surgery sequence that 8°P(M) is
a point and hence the Borel Conjecture 27 holds for M. More details can be found
e.g.in [127, pages 17,18,28], [258, chapt. 18].

For more information about surgery theory we refer for instance to [41,44, 45,
121,122,167, 178,253,293,294], and [320].

28
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Automorphisms of Manifolds

If one additionally also assumes the Farrell-Jones Conjectures for higher K-theory,
one can combine the surgery theoretic results with the results about pseudoiso-
topies from Sect. 2.2.4 to obtain the following results.

29

Theorem 29: (Homotopy Groups of Top(M).) Let M be an orientable closed as-
pherical manifold of dimension > 10 with fundamental group G. Suppose the
L-theory assembly map

H,(BG;L™(Z)) — L{(ZG)
is an isomorphism for all n and suppose the K-theory assembly map
H,(BG;K(Z)) — K,(ZG)

is an isomorphism for n < 1 and a rational isomorphism for n > 2. Then for
1 <i<(dimM — 7)/3 one has

mi(Top(M)) ®7 Q = {center(G) ®zQ ifi=1,

ifi>1.

In the differentiable case one additionally needs to study involutions on the higher
K-theory groups. The corresponding result reads:

30

227

Theorem 30: (Homotopy Groups of Diff(M).) Let M be an orientable closed as-
pherical differentiable manifold of dimension > 10 with fundamental group G.
Then under the same assumptions as in Theorem 29 we have for 1 < i <
(dimM -7)/3
center(G) ®z Q ifi=1;
T[z(lef(M)) z Q = @f:ol H(i+1),4j(M; Q) ifi > 1and dim M odd 5
0 ifi > 1 and dim M even .

See for instance [97], [109, sect. 2] and [120, lecture 5]. For a modern survey on
automorphisms of manifolds we refer to [329].

The Baum-Connes Conjecture in the Torsion Free Case

We denote by K, (Y) the complex K-homology of a topological space Y and by
K.(C!(G)) the (topological) K-theory of the reduced group C*-algebra. More ex-
planations will follow below.

31

Conjecture 31:  (Baum-Connes Conjecture for Torsion Free Groups.) Let G be
a torsion free group. Then the Baum-Connes assembly map

K,(BG) — K4(C;(G))

is bijective for all n € Z.
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Complex K-homology K,.(Y) is the homology theory associated to the topological
(complex) K-theory spectrum K'P (which is is often denoted BU) and could also
be written as K,(Y) = H,(Y;K"P). The cohomology theory associated to the
spectrum K'"P is the well known complex K-theory defined in terms of complex
vector bundles. Complex K-homology is a 2-periodic theory, i.e. K;,(Y) = K42 (Y).

Also the topological K-groups K,,(A) of a C*-algebra A are 2-periodic. Whereas
Ko(A) coincides with the algebraically defined Kj-group, the other groups K,,(A)
take the topology of the C*-algebra A into account, for instance K, (A) =,-1 (GL(A))
forn > 1.

Let B((G)) denote the bounded linear operators on the Hilbert space *(G)
whose orthonormal basis is G. The reduced complex group C*-algebra C*(G) is the
closure in the norm topology of the image of the regular representation CG —
B(*(G)), which sends an element u € CG to the (left) G-equivariant bounded
operator *(G) — I*(G) given by right multiplication with . In particular one has
natural inclusions

CG C CI(G) € B(F(G)° < B(P(G)) .

It is essential to use the reduced group C*-algebra in the Baum-Connes Conjecture,
there are counterexamples for the version with the maximal group C*-algebra,
compare Sect. 2.5.1.For information about C*-algebras and their topological K-
theory we refer for instance to [37,71, 80,154,188,228,279] and [321].

Remark 32: (The Coefficients in the Case of Topological K-theory.) If we special-
ize to the trivial group G = {1}, then the complex reduced group C*-algebra reduces
to C*(G) = C and the topological K-theory is well known: by periodicity it suffices
to know that Ko(C) = Z, where the homomorphism is given by the dimension,
and K;(C) = 0. Correspondingly we have K, (pt) = Z for g even and K, (pt) = 0 for
odd g.

32

Remark 33: (Rational Computation.) There is an Atiyah-Hirzebruch spectral
sequence which converges to K., (BG) and whose E*-term is E2 g = Hy(BG; Ky(pt)).
Rationally this spectral sequence collapses and the homological Chern character
gives an isomorphism for n € Z

ch: @ H, (G Q) = @) Hy(BGQ) ®¢ (K,(C) ®2 Q)

keZ ptg=n

2 K.(BG) ®; Q. (2.6)

33

Remark 34: (Torsionfree is Necessary.) In the case where G is a finite group the
reduced group C*-algebra C;(G) coincides with the complex group ring CG and
Ko(C*(G)) coincides with the complex representation ring of G. Since the group

34
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homology of a finite group vanishes rationally except in dimension 0, the pre-
vious remark shows that we need to assume the group to be torsion free in
Conjecture 31.

35

Remark 35: (Bass—Heller-Swan-Decomposition for Topological K-theory.) There
is an analogue of the Bass—Heller-Swan decomposition in algebraic K-theory (see
Remark 15) or of the Shaneson splitting in L-theory (see Remark 26) for topological
K-theory. Namely we have

K(CH(G x 7)) = Ky(CH(G)) @ Kot (CHG))

see [243, theorem 3.1 on page 151] or more generally [244, theorem 18 on page 632].
This is consistent with the obvious isomorphism

K,(B(G x Z)) = K4(BG x S') = K,-1(BG) & K,(BG) .

Notice that here in contrast to the algebraic K-theory no Nil-terms occur (see
Remark 15) and that there is no analogue of the complications in algebraic L-theory
coming from the varying decorations (see Remark 26). This absence of Nil-terms
or decorations is the reason why in the final formulation of the Baum-Connes
Conjecture it suffices to deal with the family of finite subgroups, whereas in the
algebraic K- and L-theory case one must consider the larger and harder to handle
family of virtually cyclic subgroups. This in some sense makes the computation of
topological K-theory of reduced group C*-algebras easier than the computation of
K4 (ZG) or L,(ZG).

36

Remark 36: (Real Version of the Baum-Connes Conjecture.) There is an obvious
real version of the Baum-Connes Conjecture. It says that for a torsion free group
the real assembly map

KO,(BG) — KO,(C;(G;R))

is bijective for n € Z. We will discuss in Sect. 2.5.1 below that this real version of
the Baum-Connes Conjecture is implied by the complex version Conjecture 31.

Here KO,(C;(G;R)) is the topological K-theory of the real reduced group C*-
algebra C*(G; R). We use KO instead of K as a reminder that we work with real C*-
algebras. The topological real K-theory KO, (Y) is the homology theory associated
to the spectrum BO, whose associated cohomology theory is given in terms of real
vector bundles. Both, topological K-theory of a real C*-algebra and KO-homology
of a space are 8-periodic and KO,(pt) = K,(R) is Z, if n = 0,4 (8), is ZJ2 if
n=1,2(8)andis0ifn =3,5,6,7 (8).

More information about the K-theory of real C*-algebras can be found
in [281].
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Applications IV

We now discuss some consequences of the Baum-Connes Conjecture for Torsion
Free Groups 31.

The Trace Conjecture in the Torsion Free Case
The assembly map appearing in the Baum-Connes Conjecture has an interpreta-
tion in terms of index theory. This is important for geometric applications. It is
of the same significance as the interpretation of the L-theoretic assembly map as
the map o appearing in the exact surgery sequence discussed in Sect. 2.2.5. We
proceed to explain this.

An element 1 € Ky(BG) can be represented by a pair (M, P*) consisting of
a cocompact free proper smooth G-manifold M with Riemannian metric together
with an elliptic G-complex P* of differential operators of order 1 on M [29]. To
such a pair one can assign an index indcs(G)(M, P*) in Ko(C;(G)) [223] which
is the image of n under the assembly map K((BG) — Ky(C:(G)) appearing in
Conjecture 31. With this interpretation the surjectivity of the assembly map for
atorsion free group says that any element in Ko (C;(G)) can be realized as an index.
This allows to apply index theorems to get interesting information.

Here is a prototype of such an argument. The standard trace

trcf(G)I C:F(G) — C (2.7)

sends an element f € C'(G) € B(P(G)) to (f(1), 1)p(g)- Applying the trace to
idempotent matrices yields a homomorphism

tresg): Ko(Cf(G)) —R.

Let pr: BG — pt be the projection. For a group G the following diagram
commutes

A trC’f(G)

Ky(BG) —— Ko(C}(G) — R

Ko(pr) l T i (2.8)
KpY > K@) > 7.
tre

Here i: Z — R is the inclusion and A is the assembly map. This non-trivial
statement follows from Atiyah’s [*-index theorem [12]. Atiyah’s theorem says
that the L?-index trer() 0A(n) of an element n € Ko(BG), which is represented
by a pair (M, P*), agrees with the ordinary index of (G\M;G\P*), which is
tre oKo(pr)(n) € Z.

The following conjecture is taken from [27, page 21].

2.2.8
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37 Conjecture 37:  (Trace Conjecture for Torsion Free Groups.) For a torsion free

group G the image of
trcj(G): KO(Cj(G)) —- R

consists of the integers.
The commutativity of diagram (2.8) above implies

38 Consequence 38 The surjectivity of the Baum-Connes assembly map

Ko(BG) — Ko(Cy(G))

implies Conjecture 37, the Trace Conjecture for Torsion Free Groups.
The Kadison Conjecture

39 Conjecture 39: (Kadison Conjecture.) If G is a torsion free group, then the only
idempotent elements in C*(G) are 0 and 1.

40 Lemma 40 The Trace Conjecture for Torsion Free Groups 37 implies the Kadison
Conjecture 39.
Proof Assume that p € C!(G) is an idempotent different from 0 or 1. From p
one can construct a non-trivial projection q € C*(G), i.e. ¢ = ¢, ¢* = ¢, with
im(p) = im(q) and hence with 0 < g < 1. Since the standard trace trc: ) is faithful,
we conclude trcx(g)(q) € Rwith 0 < trcx(6)(q) < 1. Since trex(g)(q) is by definition
the image of the element [im(q)] € Ko(C;(G)) under trcs(g): Ko(Cf(G)) — R, we
get a contradiction to the assumption im(trcs(g)) € Z.
Recall thataring Ris called an integral domain if it has no non-trivial zero-divisors,
i.e.if r,s € R satisfy rs = 0, then r or s is 0. Obviously the Kadison Conjecture 39
implies for R € C the following.

4 Conjecture 41:  (Idempotent Conjecture.) Let R be an integral domain and let G

be a torsion free group. Then the only idempotents in RG are 0 and 1.

The statement in the conjecture above is a purely algebraic statement. If R = C, it
is by the arguments above related to questions about operator algebras, and thus
methods from operator algebras can be used to attack it.
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Other Related Conjectures
We would now like to mention several conjectures which are not directly implied
by the Baum-Connes or Farrell-Jones Conjectures, but which are closely related
to the Kadison Conjecture and the Idempotent Conjecture mentioned above.

The next conjecture is also called the Kaplansky Conjecture.

Conjecture 42:  (Zero-Divisor-Conjecture.) Let R be an integral domain and G be
a torsion free group. Then RG is an integral domain.

Obviously the Zero-Divisor-Conjecture 42 implies the Idempotent Conjecture 41.
The Zero-Divisor-Conjecture for R = Q is implied by the following version of the
Atiyah Conjecture (see [202, lemma 10.5 and lemma 10.15]).

42

Conjecture 43:  (Atiyah-Conjecture for Torsion Free Groups.) Let G be a torsion
free group and let M be a closed Riemannian manifold. Let M — M be a regular
covering with G as group of deck transformations. Then all L?-Betti numbers
bf) (M; N (G)) are integers.

For the precise definition and more information about L*>-Betti numbers and the
group von Neumann algebra & (G) we refer for instance to [202,205].

This more geometric formulation of the Atiyah Conjecture is in fact implied by
the following more operator theoretic version. (The two would be equivalent if one
would work with rational instead of complex coefficients below.)

43

Conjecture 44:  (Strong Atiyah-Conjecture for Torsion Free Groups.) Let G be
a torsion free group. Then for all (m, n)-matrices A over CG the von Neumann
dimension of the kernel of the induced G-equivariant bounded operator

P P(G" — P(G)"
is an integer.

The Strong Atiyah-Conjecture for Torsion Free Groups implies both the Atiyah-
Conjecture for Torsion Free Groups 43 [202, lemma 10.5 on page 371] and the
Zero-Divisor-Conjecture 42 for R = C [202, lemma 10.15 on page 376].

44

Conjecture 45:  (Embedding Conjecture.) Let G be a torsion free group. Then CG
admits an embedding into a skewfield.

Obviously the Embedding Conjecture implies the Zero-Divisor-Conjecture 42 for
R = C. If G is a torsion free amenable group, then the Strong Atiyah-Conjecture
for Torsion Free Groups 44 and the Zero-Divisor-Conjecture 42 for R = C are
equivalent [202,lemma 10.16 on page 376]. For more information about the Atiyah
Conjecture we refer for instance to [192], [202, chapt. 10] and [261].

a5
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Finally we would like to mention the Unit Conjecture.

46

Conjecture 46: (Unit-Conjecture.) Let Rbe an integral domain and G be a torsion
free group. Then every unit in RG is trivial, i.e. of the form r - ¢ for some unit
re R andg € G.

The Unit Conjecture 46 implies the Zero-Divisor-Conjecture 42. For a proof of this
fact and for more information we refer to [187, proposition 6.21 on page 95].

L?-Rho-Invariants and L2-Signatures

Let M bea closed connected orientable Riemannian manifold. Denoteby n(M) € R
the eta-invariant of M and by n® (M) € R the L?-eta-invariant of the m,(M)-
covering given by the universal covering M — M. Let 0®(M) € R be the L?-rho-
invariant which is defined to be the difference ¥ (M) - n(M). These invariants
were studied by Cheeger and Gromov [64, 65]. They show that o*)(M) depends
only on the diffeomorphism type of M and is in contrast to (M) and n® (M)
independent of the choice of Riemannian metric on M. The following conjecture
is taken from Mathai [214].

47

Conjecture 47: (Homotopy Invariance of the L*-Rho-Invariant for Torsionfree
Groups.) If m (M) is torsionfree, then 0P (M)isa homotopy invariant.

Chang-Weinberger [62] assign to a closed connected oriented (4k—1)-dimensional
manifold M a Hirzebruch-type invariant 7? (M) € R as follows. By a result of
Hausmann [145] there is a closed connected oriented 4k-dimensional manifold
W with M = OW such that the inclusion W — W induces an injection on the
fundamental groups. Define 7' (M) as the difference sign® (W) — sign(W) of the
L*-signature of the ;(W)-covering given by the universal covering W — W and
the signature of W. This is indeed independent of the choice of W. It is reasonable
to believe that o' (M) = 7?)(M) is always true. Chang-Weinberger [62] use 7 to
prove that if 7; (M) is not torsionfree there are infinitely many diffeomorphically
distinct manifolds of dimension 4k + 3 with k > 1, which are tangentially simple
homotopy equivalent to M.

48

Theorem 48: (Homotopy Invariance ofr(2> (M) and p<2)(M).) Let M be a closed

connected oriented (4k — 1)-dimensional manifold M such that G = m;(M) is

torsionfree.

(i) If the assembly map Ky(BG) — Ky(C,,(G)) for the maximal group C*-
algebra is surjective (see Sect. 2.5.1), then 9(2) (M) is a homotopy invariant.

(ii) Suppose that the Farrell-Jones Conjecture for L-theory 19 is rationally true
for R = Z, i.e. the rationalized assembly map

H,(BG;L™(Z)) ®2 Q — LI™N(ZG) @, Q
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is an isomorphism for n € Z. Then (M) is a homotopy invariant. If
furthermore G is residually finite, then *) (M) is a homotopy invariant.

Proof
(i) This is proved by Keswani [174,175].
(ii) This is proved by Chang [61] and Chang-Weinberger [62] using [210].

Remark 49 Let X be a 4n-dimensional Poincaré space over Q. Let X — X be
a normal covering with torsion-free covering group G. Suppose that the assembly
map Ko(BG) — Ko(C;:,+(G)) for the maximal group C*-algebra is surjective (see

Sect. 2.5.1) or suppose that the rationalized assembly map for L-theory
Huy(BG;L™(2)) ®2 Q - Ly, (26) ®2 Q

is an isomorphism. Then the following L?-signature theorem is proved in Liick-
Schick [211, theorem 2.3]

sign®(X) = sign(X) .

If one drops the condition that G is torsionfree this equality becomes false.
Namely, Wall has constructed a finite Poincaré space X with a finite G covering
X — X for which sign(X) # |G| - sign(X) holds (see [258, example 22.28], [319,
corollary 5.4.1]).

49

Remark 50 Cochran-Orr-Teichner give in [69] new obstructions for a knot to be
slice which are sharper than the Casson-Gordon invariants. They use L*-signatures
and the Baum-Connes Conjecture 59. We also refer to the survey article [68] about
non-commutative geometry and knot theory.

Applications V

Novikov Conjectures
The Baum-Connes and Farrell-Jones Conjectures discussed so far imply obviously
that for torsion free groups the rationalized assembly maps

H,(BGK(Z)) ®7 Q — K.(ZG) ®7Q
H,(BG;L"™N(Z)) 7 Q — LUN(ZG) @7 Q

50

2.2.9
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are injective. For reasons that will be explained below these “rational injectivity
conjectures” are known as “Novikov Conjectures”. In fact one expects these in-
jectivity results also when the groups contain torsion. So there are the following
conjectures.

51

Conjecture 51: (K- and L-theoretic Novikov Conjectures.) For every group G the
assembly maps

H.(BG;K(Z)) ®2 Q — K.(ZG) ®2 Q
H.(BG L/ (Z)) ®2 Q — [L(ZG) ®2 Q
K.(BG) ®7 Q — K.(C/(G) ®z Q

are injective.

Observe that, since the Z/2-Tate cohomology groups vanish rationally, there is no
difference between the various decorations in L-theory because of the Rothenberg
sequence. We have chosen the p-decoration above.

The Original Novikov Conjecture
We now explain the Novikov Conjecture in its original formulation.

Let G be a (not necessarily torsion free) group and u: M — BG be a map from
a closed oriented smooth manifold M to BG. Let L(M) € ], H*(M;Q) be the
L-class of M, which is a certain polynomial in the Pontrjagin classes and hence
depends a priori on the tangent bundle and hence on the differentiable structure
of M. For x € [, H*(BG; Q) define the higher signature of M associated to x and
u to be

sign (M, u) := (£(M) U u'x, [M]) €Q. (2.9)

The Hirzebruch signature formula says that for x = 1 the signature sign, (M, u)
coincides with the ordinary signature sign(M) of M, if dim(M) = 4n, and is zero,
if dim(M) is not divisible by four. Recall that for dim(M) = 4n the signature
sign(M) of M is the signature of the non-degenerate bilinear symmetric pairing
on the middle cohomology H>"(M;R) given by the intersection pairing (a, b) —
(aUb, [M]). Obviously sign(M) depends only on the oriented homotopy type of M.
We say that sign,_forx € H*(BG; Q) is homotopy invariant if for two closed oriented
smooth manifolds M and N with reference maps u: M — BGandv: N — BG we
have

sign, (M, u) = sign (N, v)

if there is an orientation preserving homotopy equivalence f: M — N such that
v o f and u are homotopic.



The Baum-Connes and the Farrell-Jones Conjectures in K- and L-Theory 733

Conjecture 52:  (Novikov Conjecture.) Let G be a group. Then sign, is homotopy
invariant for all x € [ ], H*(BG; Q).

By Hirzebruch’s signature formula the Novikov Conjecture 52 is true for x = 1.

Relations between the Novikov Conjectures
Using surgery theory one can show [260, proposition 6.6 on page 300] the following.

52

Proposition 53 For a group G the original Novikov Conjecture 52 is equivalent to
the L-theoretic Novikov Conjecture, i.e. the injectivity of the assembly map

H,(BG; L/ (2)) ®2 Q — LL(ZG) @2 Q.
In particular for torsion free groups the L-theoretic Farrell-Jones Conjecture 19

implies the Novikov Conjecture 52. Later in Proposition 95 we will prove in par-
ticular the following statement.

53

Proposition 54 The Novikov Conjecture for topological K-theory, i.e. the injectivity
of the assembly map

K.(BG) ®z Q — K(Ci(G) ®z Q

implies the L-theoretic Novikov Conjecture and hence the original Novikov
Conjecture.

For more information about the Novikov Conjectures we refer for instance to [38,
52,55,81,120,127, 179,258] and [269].

The Zero-in-the-Spectrum Conjecture
The following Conjecture is due to Gromov [136, page 120].

54

Conjecture 55:  (Zero-in-the-spectrum Conjecture.) Suppose that M is the uni-
versal covering of an aspherical closed Riemannian manifold M (equipped with
the lifted Riemannian metric). Then zero is in the spectrum of the minimal
closure

(Ap)min: L2QP(M) D dom(A,)min — L2QP(M) ,

for some p € {0, 1, ...,dim M}, where A, denotes the Laplacian acting on smooth
p-forms on M.

55
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56

2.3

Proposition 56 Suppose that M is an aspherical closed Riemannian manifold with
fundamental group G, then the injectivity of the assembly map

K,(BG) ®z Q — K.(C;(G)) ®z Q

implies the Zero-in-the-spectrum Conjecture for M.

Proof We give a sketch of the proof. More details can be found in [195, corollary 4].
We only explain that the assumption that in every dimension zero is not in the
spectrum of the Laplacian on M, yields a contradiction in the case that n =
dim(M) is even. Namely, this assumption implies that the C*(G)-valued index of
the signature operator twisted with the flat bundle M x CH(G) - MinKy(C:Q))
is zero, where G = m;(M). This index is the image of the class [S] defined by the
signature operator in Ky(BG) under the assembly map K((BG) — Ko(C:(G)).
Since by assumption the assembly map is rationally injective, this implies [S] = 0
in Ko(BG) ®z Q. Notice that M is aspherical by assumption and hence M = BG.
The homological Chern character defines an isomorphism

Ko(BG) ®2 Q = Ko(M) ®7 Q = @D Hyp(M; Q) ,
p>0

which sends [S] to the Poincaré dual .£L(M) N [M] of the Hirzebruch L-class
LIM) € D, H?(M; Q). This implies that £(M)N[M] = 0and hence £ (M) = 0.
This contradicts the fact that the component of £(M) in H*(M; Q) is 1.

More information about the Zero-in-the-spectrum Conjecture 55 can be found for
instance in [195] and [202, sect. 12].

The Conjectures in the General Case

2.3.1

In this chapter we will formulate the Baum-Connes and Farrell-Jones Conjectures.
We try to emphasize the unifying principle that underlies these conjectures. The
point of view taken in this chapter is that all three conjectures are conjectures about
specific equivariant homology theories. Some of the technical details concerning
the actual construction of these homology theories are deferred to Chapt. 2.7.

Formulation of the Conjectures

Suppose we are given
A discrete group G;
A family ¥ of subgroups of G, i.e. a set of subgroups which is closed under
conjugation with elements of G and under taking finite intersections;
A G-homology theory #(-).
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Then one can formulate the following Meta-Conjecture.

Meta-Conjecture 57 The assembly map
Az : HC(Ex(G)) — 7 (pt)

which is the map induced by the projection Ex(G) — pt, is an isomorphism for
n e Z.

P

Here E#(G) is the classifying space of the family ¥, a certain G-space which
specializes to the universal free G-space EG if the family contains only the trivial
subgroup. A G-homology theory is the “obvious” G-equivariant generalization of
the concept of a homology theory to a suitable category of G-spaces, in particular
it is a functor on such spaces and the map A is simply the map induced by the
projection Ex(G) — pt. We devote the Sects. 2.3.1 to 2.3.1 below to a discussion
of G-homology theories, classifying spaces for families of subgroups and related
things. The reader who never encountered these concepts should maybe first take
alook at these subsections.

Of course the conjecture above is not true for arbitrary G,  and #¢(—), but the
Farrell-Jones and Baum-Connes Conjectures state that for specific G-homology
theories there is a natural choice of a family ¥ = ¥ (G) of subgroups for every
group G such that A ) becomes an isomorphism for all groups G.

Let R be a ring (with involution). In Proposition 156 we will describe the
construction of G-homology theories which will be denoted

HS(—Kg), HS(-LL™) and HE(—KeP) .

If Gis the trivial group, these homology theories specialize to the (non-equivariant)
homology theories with similar names that appeared in Chapt. 2.2, namely to

H,(—K(R)), Hy(—L™(R) and K,(-).

Another main feature of these G-homology theories is that evaluated on the one
point space pt (considered as a trivial G-space) we obtain the K- and L-theory of
the group ring RG, respectively the topological K-theory of the reduced C*-algebra
(see Proposition 156 and Theorem 158 (iii))

K,(RG) = H, (pt;Kg) ,
LERG) = HS(pt; Ly ™) and
K,(C}(G)) = HY (pt; KP) .

We are now prepared to formulate the conjectures around which this article is
centered. Let 4N be the family of finite subgroups and let VC¥Y be the family of
virtually cyclic subgroups.

57
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58

Conjecture 58: (Farrell-Jones Conjecture for K- and L-theory.) Let R be a ring
(with involution) and let G be a group. Then for all n € Z the maps

Avey: H (Evey(G);Kg) — HY (pt; Kg) = K, (RG) ;
Avey: HS (Bvey(G) Ly ™) — HS(pt; Ly ™) = LI (RG),

which are induced by the projection Eyey(G) — pt, are isomorphisms.

The conjecture for the topological K-theory of C*-algebras is known as the Baum-
Connes Conjecture and reads as follows.

59

Conjecture 59: (Baum-Connes Conjecture.) Let G be a group. Then for all n € Z
the map

Agyw : HY (Eryn (G); K'P) — HY (pt; K'P) £ K, (CH(G))
induced by the projection E¢; 4 (G) — ptis an isomorphism.
We will explain the analytic assembly map indg: KnG (X) = K,(C!(G)), which can

be identified with the assembly map appearing in the Baum-Connes Conjecture 59
in Sect. 2.8.2.

60

Remark 60 Of course the conjectures really come to life only if the abstract point
of view taken in this chapter is connected up with more concrete descriptions
of the assembly maps. We have already discussed a surgery theoretic description
in Theorem 28 and an interpretation in terms index theory in Sect. 2.2.8. More
information about alternative interpretations of assembly maps can be found in
Sects. 2.8.2 and 2.8.8. These concrete interpretations of the assembly maps lead
to applications. We already discussed many such applications in Chapt. 2.2 and
encourage the reader to go ahead and browse through Chapt. 2.4 in order to get
further ideas about these more concrete aspects.

61

Remark 61: (Relation to the “classical” assembly maps.) The value of an equiv-
ariant homology theory #(—) on the universal free G-space EG = Ey(G) (a free
G-CW-complex whose quotient EG/G is a model for BG) can be identified with the
corresponding non-equivariant homology theory evaluated on BG, if we assume
that #C is the special value of an equivariant homology theory #_ at ? = G. This
means that there exists an induction structure (a mild condition satisfied in our
examples, compare Sect. 2.7.1), which yields an identification

HE(EG) = #W(BG) = #,(BG) .
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Using these identifications the “classical” assembly maps, which appeared in
Chapt. 2.2 in the versions of the Farrell-Jones and Baum-Connes Conjectures
for torsion free groups (see Conjectures 11, 19 and 31),

H,(BG;K(R)) = HY (EG;Kg) — HS(pt; Kg) = Ky(RG) ;
H,(BG; L™ (R)) = HO(EG; LS, ™)) — HS(pt; Ly ™) = LI (RG) 5
and K,(BG) = H(EG;K'P) — HY(pt; K'®) = K,(C*(G)) ,

correspond to the assembly maps for the family ¥ = {I} consisting only of the
trivial group and are simply the maps induced by the projection EG — pt.

Remark 62: (The choice of the right family.) As explained above the Farrell-Jones
and Baum-Connes Conjectures 58 and 59 can be considered as special cases of the
Meta-Conjecture 57. In all three cases we are interested in a computation of the
right hand side J¢C (pt) of the assembly map, which can be identified with K,,(RG),
L(RG) or K,,(C#(G)). Thelefthand side #C (E# (G)) of such an assembly map is
much more accessible and the smaller ¥ is, the easier it is to compute ](’nG (E¢(GR))
using homological methods like spectral sequences, Mayer-Vietoris arguments
and Chern characters.

In the extreme case where = AL L is the family of all subgroups the assembly
map Ayrre: HE(Eprr(G)) — FHE(pt) is always an isomorphism for the trivial
reason that the one point space pt is a model for E 4 » »(G) (compare Sect. 2.3.1) and
hence the assembly map is the identity. The goal however is to have an isomorphism
for a family which is as small as possible.

We have already seen in Remark 4, Remark 25 and Remark 34 that in all three
cases the classical assembly map, which corresponds to the trivial family, is not
surjective for finite groups. This forces one to include at least the family F4N of
finite groups. The K- or L-theory of the finite subgroups of the given group G will
then enter in a computation of the left hand side of the assembly map similar as
the K- and L-theory of the trivial subgroup appeared on the left hand side in the
classical case, compare e.g. Remark 14. In the Baum-Connes case the family F4 N
seems to suffice. However in the case of algebraic K-theory we saw in Remark 15 that
already the simplest torsion free group, the infinite cyclic group, causes problems
because of the Nil-terms that appear in the Bass-Heller-Swan formula. The infinite
dihedral group is a “minimal counterexample” which shows that the family F4N
is not sufficient in the Lgoo)—case. There are non-vanishing UNil-terms, compare
Proposition 75 and its proof. Also the version of the L-theoretic Farrell-Jones
Conjecture with the decoration s, h = (1) or p = (0) instead of (—00) is definitely
false. Counterexamples are given in [123]. Recall that there were no Nil-terms in
the topological K-theory context, compare Remark 35.

The choice of the family VC¥Y of virtually cyclic subgroups in the Farrell-Jones
conjectures pushes all the Nil-problems appearing in algebraic K- and L-theory

62
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into the source of the assembly map so that they do not occur if one tries to prove
the Farrell-Jones Conjecture 58. Of course they do come up again when one wants
to compute the source of the assembly map.

We now take up the promised detailed discussion of some notions like equivari-
ant homology theories and classifying spaces for families we used above. The
reader who is familiar with these concepts may of course skip the following
subsections.

G-CW-Complexes
A G-CW-complex X is a G-space X together with a filtration X 1 = C X, C X; C
... € X such that X = colim,,_, o, X, and for each n there is a G-pushout

]_[ieln qr
i, GIHi x "' ————— Xy

i ’

e, GHi x D" — > X,
uieln an

This definition makes also sense for topological groups. The following alternative
definition only applies to discrete groups. A G-CW-complex is a CW-complex with
a G-action by cellular maps such that for each open cell e and each g € G with
geNe # @ we have gx = x for all x € e. There is an obvious notion of a G-CW-pair.

A G-CW-complex X is called finite if it is built out of finitely many G-cells
G/H; x D". This is the case if and only if it is cocompact, i.e. the quotient space G\X
is compact. More information about G-CW-complexes can be found for instance
in [197, sects. 1 and 2], [304, sects. II.1 and II.2].

Families of Subgroups

A family ¥ of subgroups of G is a set of subgroups of G closed under conjugation,
i.e. H € ¥,¢ € G implies ¢ 'Hg € ¥, and finite intersections, i.e. H,K € F
implies H N K € ¥ . Throughout the text we will use the notations

I, FCY, FIN, CYC, V€Y, VCY  and ALL

for the families consisting of the trivial, all finite cyclic, all finite, all (possibly
infinite) cyclic, all virtually cyclic of the first kind, all virtually cyclic, respectively
all subgroups of a given group G. Recall that a group is called virtually cyclic if it
is finite or contains an infinite cyclic subgroup of finite index. A group is virtually
cyclic of the first kind if it admits a surjection onto an infinite cyclic group with
finite kernel, compare Lemma 71.
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Classifying Spaces for Families

Let F be a family of subgroups of G. A G-CW-complex, all whose isotropy groups
belong to ¥ and whose H-fixed point sets are contractible for all H € ¥, is called
a classifying space for the family ¥ and will be denoted E#(G). Such a space is
unique up to G-homotopy because it is characterized by the property that for
any G-CW-complex X, all whose isotropy groups belong to ¥, there is up to G-
homotopy precisely one G-map from X to Ex(G). These spaces were introduced
by tom Dieck [303], [304, 1.6].

A functorial “bar-type” construction is given in [82, sect. 7].

If # C § are families of subgroups for G, then by the universal property there
is up to G-homotopy precisely one G-map Ex (G) — Eg(G).

The space Ey(G) is the same as the space EG which is by definition the total
space of the universal G-principal bundle G — EG — BG, or, equivalently, the
universal covering of BG. A model for E4,.(G) is given by the space G/G = pt
consisting of one point.

The space Eg; .4 (G) is also known as the classifying space for proper G-actions
and denoted by EG in the literature. Recall that a G-CW-complex X is proper if
and only if all its isotropy groups are finite (see for instance [197, theorem 1.23 on
page 18]). There are often nice models for E¢; y (G). If G is word hyperbolic in the
sense of Gromov, then the Rips-complex is a finite model [216,217].

If Gis a discrete subgroup of a Lie group L with finitely many path components,
then for any maximal compact subgroup K C L the space /K with its left G-action
is a model for Exy v (G) [2, corollary 4.14]. More information about E¢; » (G) can
be found for instance in [28, sect. 2], [180,199,206,207] and [282].

G-Homology Theories

Fix a group G and an associative commutative ring A with unit. A G-homology
theory #S with values in A-modules is a collection of covariant functors F
from the category of G-CW-pairs to the category of A-modules indexed by n € Z
together with natural transformations

05 (X, A): HY(X,A) — HY (A) = HY (A, 9)

for n € Z such that the following axioms are satisfied:
(i) G-homotopy invariance

If fo and f; are G-homotopic maps (X,A) — (Y, B) of G-CW-pairs, then

HE (fo) = HE(f,) for n € Z.
(ii) Long exact sequence of a pair

Given a pair (X, A) of G-CW-complexes, there is a long exact sequence

G G Gy
Ty 366 (x,4) 8 35a) " 30 (x)

HE(j G HO ()
“0 3e60x,4) 2 56 (a) "B

wherei: A - Xandj: X — (X, A) are the inclusions.
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(iii) Excision
Let (X,A) be a G-CW-pair and let f: A — B be a cellular G-map of G-CW-
complexes. Equip (X Uy B, B) with the induced structure of a G-CW-pair.
Then the canonical map (F,f): (X,A) — (X Ur B, B) induces for eachn € Z
an isomorphism

HO(F,f): HO(X,A) > HO(X U, B,B).

(vi) Disjoint union axiom
Let {X; | i € I} be a family of G-CW-complexes. Denote by ji: X; — [[;; Xi
the canonical inclusion. Then the map

P #CGi): P rCx) > #S (]_[x)

i€l i€l iel
is bijective for each n € Z.

Of course a G-homology theory for the trivial group G = {1} is a homology theory
(satisfying the disjoint union axiom) in the classical non-equivariant sense.

The disjoint union axiom ensures that we can pass from finite G-CW-complexes
to arbitrary ones using the following lemma.

63

Lemma 63 Let #C be a G-homology theory. Let X be a G-CW-complex and
{Xi | i € I} be a directed system of G-CW-subcomplexes directed by inclusion
such that X = U;c/X;. Then for all n € Z the natural map

colimiej ](nG(Xi) i ](nG(X)

is bijective.

Proof Compare for example with [301, proposition 7.53 on page 121], where the
non-equivariant case for I = N is treated.

Example 64. (Bredon Homology.) The most basic G-homology theory is Bredon

homology. The orbit category Or(G) has as objects the homogeneous
spaces G/H and as morphisms G-maps. Let X be a G-CW-complex. It defines
a contravariant functor from the orbit category Or(G) to the category of CW-
complexes by sending G/H to map;(G/H, X) = X". Composing it with the functor
cellular chain complex yields a contravariant functor

Ci(X): Or(G) - Z-CHCOM
into the category of Z-chain complexes. Let A be a commutative ring and let

M: Or(G) - A-MODULES
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be a covariant functor. Then one can form the tensor product over the orbit
category (see for instance [197,9.12 on page 166]) and obtains the A-chain complex
Ci(X) ®zor () M. Itshomology is the Bredon homology of X with coefficients in M

HE(X; M) = H.(CS(X) ®z0r(c) M)

Thus we get a G-homology theory HY with values in A-modules. For a trivial group
G this reduces to the cellular homology of X with coefficients in the A-module M.

More information about equivariant homology theories will be given in Sect. 2.7.1.

Varying the Family of Subgroups

Suppose we are given a family of subgroups ¥’ and a subfamily & C F'. Since all
isotropy groups of E# (G) lie in ' we know from the universal property of Ex/(G)
(compare Sect. 2.3.1) that there is a G-map Ex(G) — Ez/(G) which is unique
up to G-homotopy. For every G-homology theory #¢ we hence obtain a relative
assembly map

Az g HE(Ex(G) — HE(Ex(G)) .

If # = ALL, then Ex/(G) = pt and Ag_, # specializes to the assembly map Az
we discussed in the previous section. If we now gradually increase the family, we
obtain qa factorization of the classical assembly A = Ay_, 4. into several relative
assembly maps. We obtain for example from the inclusions

fcFCY CFIN CVCY C ALL

for every G-homology theory #¢ () the following commutative diagram.

A
HS(EG) Y (pt)

AFIN
l / T ey (210)

HE(Exey(G) — HE(Erin(G) — HCE(Evey(G)) .

Here A is the “classical” assembly map and A » and Ayey are the assembly maps
that for specific G-homology theories appear in the Baum-Connes and Farrell-
Jones Conjectures.

Such a factorization is extremely useful because one can study the relative
assembly map A _, & in terms of absolute assembly maps corresponding to groups
in the bigger family. For example the relative assembly map

Asinovey: HE(Egin(G)) — HE(Evey(G))

2.3.2
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is an isomorphism if for all virtually cyclic subgroups V of G the assembly map

Agin = Aginoass: HY (Ezin(V)) — H) (pt)

is an isomorphism. Of course here we need to assume that the G-homology the-
ory #C and the V-homology theory #) are somehow related. In fact all the
G-homology theories #C we care about are defined simultaneously for all groups
G and for varying G these G-homology theories are related via a so called “induc-
tion structure”. Induction structures will be discussed in detail in Sect. 2.7.1.

For a family ¥ of subgroups of G and a subgroup H C G we define a family of
subgroups of H

FNH={KNH|Ke¥F}.

The general statement about relative assembly maps reads now as follows.

65

Theorem 65: (Transitivity Principle.) Let J¢/(—) be an equivariant homology
theory in the sense of Sect. 2.7.1. Suppose ¥ C F are two families of subgroups
of G. Suppose that KN H € ¥ for each K € ¥ and H € ¥~ (this is automatic if
F is closed under taking subgroups). Let N be an integer. If for every H € ¥’ and
every n < N the assembly map

Agroace: H (Exnn(H)) — HL(pt)
is an isomorphism, then for every n < N the relative assembly map
Ag_ 5 HY(Ex(G)) — H (Ex(G))

is an isomorphism.

Proof If we equip E#(G) x E#/(G) with the diagonal G-action, it is a model for
E#(G). Now apply Lemma 153 in the special case Z = E¢/(G).

This principle can be used in many ways. For example we will derive from it that
the general versions of the Baum-Connes and Farrell-Jones Conjectures specialize
to the conjectures we discussed in Chapt. 2.2 in the case where the group is torsion
free. If we are willing to make compromises, e.g. to invert 2, to rationalize the
theories or to restrict ourselves to small dimensions or special classes of groups,
then it is often possible to get away with a smaller family, i.e. to conclude from the
Baum-Connes or Farrell-Jones Conjectures that an assembly map with respect
to a family smaller than the family of finite or virtually cyclic subgroups is an
isomorphism. The left hand side becomes more computable and this leads to new
corollaries of the Baum-Connes and Farrell-Jones Conjectures.
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The General Versions Specialize to the Torsion Free Versions

If Gis atorsion free group, then the family 4.V obviously coincides with the trivial
family {1}. Since a nontrivial torsion free virtually cyclic group is infinite cyclic we
also know that the family VCY reduces to the family of all cyclic subgroups,
denoted CYC.

Proposition 66 Let G be a torsion free group.
(i) IfRis aregular ring, then the relative assembly map

Ap—eye: HS(Ey(G);Kr) = HS (Eeye(G);Kg)

is an isomorphism.
(ii) For every ring R the relative assembly map

Agseye: H,?(Em(G);L{“)) — H,?(Eeye(G);Lgoo))

is an isomorphism.

Proof Because of the Transitivity Principle 65 it suffices in both cases to prove that
the classical assembly map A = Ay, 4, is an isomorphism in the case where
G is an infinite cyclic group. For regular rings in the K-theory case and with the
—oo-decoration in the L-theory case this is true as we discussed in Remark 15
respectively Remark 26.

As an immediate consequence we obtain.

66

Corollary 67

(i) For a torsion free group the Baum-Connes Conjecture 59 is equivalent to its
“torsion free version” Conjecture 31.

(ii) For a torsion free group the Farrell-Jones Conjecture 58 for algebraic K-
is equivalent to the “torsion free version” Conjecture 11, provided R is
regular.

(iii) For atorsion free group the Farrell-Jones Conjecture 58 for algebraic L-theory
is equivalent to the “torsion free version” Conjecture 19.

The Baum-Connes Conjecture and the Family VC Y

Replacing the family 4V of finite subgroups by the family VC¥Y of virtually cyclic
subgroups would not make any difference in the Baum-Connes Conjecture 59. The
Transitivity Principle 65 and the fact that the Baum-Connes Conjecture 59 is known
for virtually cyclic groups implies the following.

67
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68

Proposition 68 For every group G and every n € Z the relative assembly map for
topological K-theory

Azyn—vey: HS(Ezin (G K'P) — HS(Eyey(G); K'P)

is an isomorphism.

The Baum-Connes Conjecture and the Family £ CY
The following result is proven in [215].

69

Proposition 69 For every group G and every n € Z the relative assembly map for
topological K-theory

Azeysgin: HS(Ezey(G); KP) — HS(Exyn(G); K'P)

is an isomorphism.

In particular the Baum-Connes Conjecture predicts that the £ C?Y-assembly map
Agzey: HS(Erey(G);K'P) — K,(CHG))

is always an isomorphism.

Algebraic K-Theory for Special Coefficient Rings

In the algebraic K-theory case we can reduce to the family of finite subgroups if we
assume special coefficient rings.

70

Proposition 70 Suppose Ris aregular ring in which the orders of all finite subgroups
of G are invertible. Then for every n € Z the relative assembly map for algebraic
K-theory

Arin—vey: H(Exyn(G);Kr) — HY(Eyey(G); Kr)

is an isomorphism. In particular if R is a regular ring which is a Q-algebra (for
example a field of characteristic 0) the above applies to all groups G.

Proof We first show that RH is regular for a finite group H. Since R is Noetherian
and H is finite, RH is Noetherian. It remains to show that every RH-module M has
a finite dimensional projective resolution. By assumption M considered as an R-
module has a finite dimensional projective resolution. If one applies RH ®g — this
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yields a finite dimensional RH-resolution of RH ®g res M. Since |H| is invertible,
the RH-module M is a direct summand of RH ®z res M and hence has a finite
dimensional projective resolution.

Because of the Transitivity Principle 65 we need to prove that the #{ / -assembly
map Ay is an isomorphism for virtually cyclic groups V. Because of Lemma 71
we can assume that either V. = H x Z or V = K *y K, with finite groups H,
K, and K,. From [313] we obtain in both cases long exact sequences involving
the algebraic K-theory of the constituents, the algebraic K-theory of V and also
additional Nil-terms. However, in both cases the Nil-terms vanish if RH is a regular
ring (compare theorem 4 on page 138 and the remark on page 216 in [313]). Thus
we get long exact sequences

...~ K,(RH) - K,(RH) - K,(RV) - K,_1(RH) — K,,_.1(RH) — ...
and
... = K(RH) — K,(RK,) ® K,(RK;) — K,(RV)
— K,_1(RH) — K,_(RK}) ® K,_1(RK3) — ... .

One obtains analogous exact sequences for the sources of the various assembly
maps from the fact that the sources are equivariant homology theories and one
can find specific models for Ez; (V). These sequences are compatible with the
assembly maps. The assembly maps for the finite groups H, K; and K are bijective.
Now a Five-Lemma argument shows that also the one for V is bijective.

In particular for regular coefficient rings R which are (Q-algebras the K-theoretic
Farrell-Jones Conjecture specializes to the conjecture that the assembly map

Agyy: H(Ezy 0 (G); Kr) — HS(pt; Kg) = K, (RG)

is an isomorphism.
In the proof above we used the following important fact about virtually cyclic
groups.

Lemma 71 If G is an infinite virtually cyclic group then we have the following

dichotomy.

(I) Either G admits a surjection with finite kernel onto the infinite cyclic group
Z, or

(II) G admits a surjection with finite kernel onto the infinite dihedral group
Z2 % Z)2.

Proof This is not difficult and proven as lemma 2.5 in [113].

71
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Splitting off Nil-Terms and Rationalized Algebraic K-Theory

Recall that the Nil-terms, which prohibit the classical assembly map from being
an isomorphism, are direct summands of the K-theory of the infinite cyclic group
(see Remark 15). Something similar remains true in general [16].

72

Proposition 72
(i) For every group G, every ring R and every n € Z the relative assembly map

Azin—vey: HS (Ezin(G);Kr) — HE (Evey(G); Kg)

is split-injective.

(ii) SupposeRissuchthatK_;(RV) = Oforall virtually cyclic subgroups V of Gand
for sufficiently large i (for example R = Z will do, compare Proposition 78).
Then the relative assembly map

Agyn—vey: HS (Exin(G); Lﬁg_w) — H,,G(Evey(G);Lﬁq_w)

is split-injective.

Combined with the Farrell-Jones Conjectures we obtain that the homology group
HnG(EﬂN(G); Ky) is a direct summand in K,(RG). It is much better understood
(compare Chapt. 2.9) than the remaining summand which is isomorphic to
Hf(Evcy(G),EH ~(G);Kg). This remaining summand is the one which plays
the role of the Nil-terms for a general group. It is known that for R = Z the
negative dimensional Nil-groups which are responsible for virtually cyclic groups
vanish [113]. They vanish rationally, in dimension 0 by [76] and in higher dimen-
sions by [182]. For more information see also [75]. Analogously to the proof of
Proposition 70 we obtain the following proposition.

73

Proposition 73 We have

HS(E’V(?%(G))E?’IN(G);KZ) =0 forn<0 and

an(EV@y(G),E;L*LN(G);Kz) ®z Q =0 forallneZ.

In particular the Farrell-Jones Conjecture for the algebraic K-theory of the integral
group ring predicts that the map

Az HY(Ezyn(G);Kz) ®2 Q — K,(ZG) @2 Q

is always an isomorphism.
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Inverting 2 in L-Theory

Proposition 74 For every group G, every ring R with involution, every decoration
jand all n € Z the relative assembly map

: 1 ; 1
Aggnsvey: H,?(EHN(G);Lg)) [E} — H,?(Evey(G);Lg)) [E:|

is an isomorphism.

Proof According to the Transitivity Principle it suffices to prove the claim for
a virtually cyclic group. Now argue analogously to the proof of Proposition 70
using the exact sequences in [48] and the fact that the UNil-terms appearing there
vanish after inverting two [48]. Also recall from Remark 22 that after inverting 2
there are no differences between the decorations.

In particular the L-theoretic Farrell-Jones Conjecture implies that for every deco-
ration j the assembly map

Agn: HS(Ezyn (G LY) H — LY (RG) H

is an isomorphism.

L-Theory and Virtually Cyclic Subgroups of the First Kind

Recall that a group is virtually cyclic of the first kind if it admits a surjection with
finite kernel onto the infinite cyclic group. The family of these groups is denoted
Vey,.

74

Proposition 75 For all groups G, all rings R and all n € Z the relative assembly
map

Aginsvey,: HS(EH,N(G);L;{OO)) — Hf(Evey,(G);Lﬁg_M)

is an isomorphism.

Proof The point is that there are no UNil-terms for infinite virtually cyclic groups of
the first kind. This follows essentially from [254] and [255] as carried out in [204].

75
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Rationally ¥4/ Reducesto # CY

We will see later (compare Theorem 172,173 and 178) that in all three cases, topo-
logical K-theory, algebraic K-theory and L-theory, the rationalized left hand side
of the #{ N -assembly map can be computed very explicitly using the equivariant
Chern-Character. As a by-product these computations yield that after rationalizing
the family F4N can be reduced to the family  CY of finite cyclic groups and that
the rationalized relative assembly maps Ay, ey are injective.

76

24

Proposition 76 For every ring R, every group G and all n € Z the relative assembly
maps

Areyorin: HS(Erey(G);Kr) ®2 Q — HE (Egyn(G); Kr) ®7 Q
Ageygin: HnG(Efey(G);L({w) ®z Q — HnG(Eﬂ.N(G);Lﬁ{M) ®z Q
Areyorin: HS (Erey(G);K'P) ®7 Q — HS (Exyn(G);K'P) @7 Q

are isomorphisms and the corresponding relative assembly maps Ay_, ¢y are all
rationally injective.

Recall that the statement for topological K-theory is even known integrally, com-
pare Proposition 69. Combining the above with Proposition 73 and Proposition 74
we see that the Farrell-Jones Conjecture predicts in particular that the F CY-
assembly maps

Agey: H,?(Efey(G);Lgm) ®z Q — LU®(RG) ®7 Q
Agey: HY (Erey(G)Kz) ®2 Q — Ku(ZG) ®2 Q

are always isomorphisms.

More Applications

24.1

Applications VI

Low Dimensional Algebraic K-Theory
As opposed to topological K-theory and L-theory, which are periodic, the algebraic
K-theory groups of coefficient rings such as Z, QQ or C are known to be bounded
below. Using the spectral sequences for the left hand side of an assembly map
that will be discussed in Sect. 2.9.4, this leads to vanishing results in negative
dimensions and a concrete description of the groups in the first non-vanishing
dimension.

The following conjecture is a consequence of the K-theoretic Farrell-Jones
Conjecture in the case R = Z. Note that by the results discussed in Proposition 72
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weknow thatin negative dimensions we can reduce to the family of finite subgroups.
Explanations about the colimit that appears follow below.

Conjecture 77:  (The Farrell-Jones Conjecture for K,(ZG) for n < —1.) For every
group G we have

K_,(ZG)=0 forn=>2,

and the map

COlimHESubg:LN(G) K*I(ZH) i) Kfl (ZG)

is an isomorphism.

We can consider a family # of subgroups of Gas a category Sub # (G) as follows. The
objects are the subgroups H with H € . For H,K € ¥ let conhom¢(H, K) be the
set of all group homomorphisms f: H — K, for which there exists a group element
g € Gsuch thatf is given by conjugation with g. The group of inner automorphism
inn(K) consists of those automorphisms K — K, which are given by conjugation
with an element k € K. It acts on conhom(H, K) from the left by composition.
Define the set of morphisms in Sub #(G) from H to K to be inn(K)\ conhom(H, K).
Composition of group homomorphisms defines the composition of morphisms in
Subs(G). We mention that Sub#(G) is a quotient category of the orbit category
Or1#(G) which we will introduce in Sect. 2.7.4. Note that there is a morphism from
H to K only if H is conjugate to a subgroup of K. Clearly K,,(R(-)) vields a functor
from Sub# (G) to abelian groups since inner automorphisms on a group G induce
the identity on K,(RG). Using the inclusions into G, one obtains a map

COlimHeSubT(G) K,(RH) — K,(RG) .
The colimit can be interpreted as the 0-th Bredon homology group
Hg (E5 (G); Ku(R(7)))

(compare Example 64) and the map is the edge homomorphism in the equivariant
Atiyah-Hirzebruch spectral sequence discussed in Sect. 2.9.4. In Conjecture 77 we
consider the first non-vanishing entry in the lower left hand corner of the E,-term
because of the following vanishing result [113, theorem 2.1] which generalizes
vanishing results for finite groups from [57].

77

Proposition 78 If V is a virtually cyclic group, then K_,(ZV) = 0 for n > 2.

If our coefficient ring R is a regular ring in which the orders of all finite subgroups
of G are invertible, then we know already from Sect. 2.3.2 that we can reduce to
the family of finite subgroups. In the proof of Proposition 70 we have seen that
then RH is again regular if H C G is finite. Since negative K-groups vanish for

78
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regular rings [268, 5.3.30 on page 295], the following is implied by the Farrell-Jones
Conjecture 58.

79

Conjecture 79:  (Farrell-Jones Conjecture for Ko(QG).) Suppose R is a regular
ring in which the orders of all finite subgroups of G are invertible (for example
a field of characteristic 0), then

K ,(RG)=0 forn=>1

and the map

COlimHeSubHN(G) Ko(RH) — Ky(RG)

is an isomorphism.

The conjecture above holds if G is virtually poly-cyclic. Surjectivity is proven
in [227] (see also [67] and chapt. 8 in [235]), injectivity in [271]. We will show in
Lemma 87 (i) that the map appearing in the conjecture is always rationally injective
forR =C.

The conjectures above describe the first non-vanishing term in the equivariant
Atiyah-Hirzebruch spectral sequence. Already the next step is much harder to
analyze in general because there are potentially non-vanishing differentials. We
know however that after rationalizing the equivariant Atiyah-Hirzebruch spectral
sequence for the left hand side of the ¥/ -assembly map collapses. As a con-
sequence we obtain that the following conjecture follows from the K-theoretic
Farrell-Jones Conjecture 58.

80

Conjecture 80 For every group G, every ring R and every n € Z the map
colimpesuby, , (6) Kn(RH) ®2 Q — K,(RG) @7 Q

is injective.

Note that for Ko(ZG) ®z Q the conjecture above is always true but not very
interesting, because for a finite group H it is known that Ko(ZH) @y Q =0,
compare [298, proposition 9.1], and hence the left hand side reduces to Ky (Z) ®7 Q.
However, the full answer for K (ZG) should involve the negative K-groups, compare
Example 176.

Analogously to Conjecture 80 the following can be derived from the K-theoretic
Farrell-Jones Conjecture 58, compare [208].

81

Conjecture 81 The map
COlimHeSubﬂ,N(G) Wh(H) ®z Q — Wh(G) ®; Q

is always injective.
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In general one does not expect this map to be an isomorphism. There should be
additional contributions coming from negative K-groups. Conjecture 81 is true for
groups satisfying a mild homological finiteness condition, see Theorem 145.

Remark 82: (The Conjectures as Generalized Induction Theorems.) The above
discussion shows that one may think of the Farrell-Jones Conjectures 58 and
the Baum-Connes Conjecture 59 as “generalized induction theorems”. The proto-
type of an induction theorem is Artin’s theorem about the complex representation
ring Rc(G) of a finite group G. Let us recall Artin’s theorem.

For finite groups H the complex representation ring Rc(H) coincides with
Ko(CH). Artin’s Theorem [283, theorem 17 in 9.2 on page 70] implies that the
obvious induction homomorphism

colimpesubeye () Re(H) @z Q = Re(G)®2Q

is an isomorphism. Note that this is a very special case of Theorem 172 or 173,
compare Remark 177.

Artin’s theorem says that rationally one can compute Rc(G) if one knows all
the values Rc(C) (including all maps coming from induction with group homo-
morphisms induced by conjugation with elements in G) for all cyclic subgroups
C C G. The idea behind the Farrell-Jones Conjectures 58 and the Baum-Connes
Conjecture 59 is analogous. We want to compute the functors K, (RG), L,(RG) and
K,(C!(G)) from their values (including their functorial properties under induc-
tion) on elements of the family F4N or VCY.

The situation in the Farrell Jones and Baum-Connes Conjectures is more com-
plicated than in Artin’s Theorem, since we have already seen in Remarks 15, 26
and 35 that a computation of K,,(RG), L{ > (RG) and K,,(C#*(G)) does involve also
the values K,(RH), Léfoo) (RH) and K,(C;(H)) for p < n. A degree mixing occurs.

G-Theory

Instead of considering finitely generated projective modules one may apply the
standard K-theory machinery to the category of finitely generated modules. This
leads to the definition of the groups G,(R) for n > 0. For instance Gy(R) is the
abelian group whose generators are isomorphism classes [M] of finitely generated
R-modules and whose relations are given by [My] — [M;] + [M;] for any exact
sequence 0 — My — M; — M, — 0 of finitely generated modules. One may ask
whether versions of the Farrell-Jones Conjectures for G-theory instead of K-theory
might be true. The answer is negative as the following discussion explains.

For a finite group H the ring CH is semisimple. Hence any finitely gener-
ated CH-module is automatically projective and Ko(CH) = Go(CH). Recall that
a group G is called virtually poly-cyclic if there exists a subgroup of finite index
H C G together with a filtration {1} = Hy € H; € H, € ... € H, = H such that
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H;_, is normal in H; and the quotient H;/H;_; is cyclic. More generally for alln € Z
the forgetful map

1 Ku(CG) — G,(CG)

is an isomorphism if G is virtually poly-cyclic, since then CG is regular [273,
theorem 8.2.2 and theorem 8.2.20] and the forgetful map f is an isomorphism for
regular rings, compare [268, corollary 53.26 on page 293]. In particular this applies
to virtually cyclic groups and so the left hand side of the Farrell-Jones assembly
map does not see the difference between K- and G-theory if we work with complex
coefficients. We obtain a commutative diagram

COIimHESubTLN(G) KO((CH) I KO((CG)

= l l f (2.11)

COlimHeSubHN(G) Go(CH) —— Gy(CG)

where, as indicated, the left hand vertical map is an isomorphism. Conjecture 79,
which is implied by the Farrell-Jones Conjecture, says that the upper horizontal
arrow is an isomorphism. A G-theoretic analogue of the Farrell-Jones Conjecture
would say that the lower horizontal map is an isomorphism. There are however
cases where the upper horizontal arrow is known to be an isomorphism, but the
forgetful map f on the right is not injective or not surjective:

If G contains a non-abelian free subgroup, then the class [CG] € Gy(CG)
vanishes [202, theorem 9.66 on page 364] and hencethemapf: Ko(CG) — Go(CG)
has an infinite kernel ([CG] generates an infinite cyclic subgroup in K;(CG)). The
Farrell-Jones Conjecture for K,(CG) is known for non-abelian free groups.

The Farrell-Jones ConjectureisalsoknownforA = €, Z[2 and hence K;(CA)
is countable, whereas Go(CA) is not countable [202, example 10.13 on page 375].
Hence the map f cannot be surjective.

At the time of writing we do not know a counterexample to the statement that
for an amenable group G, for which there is an upper bound on the orders of its
finite subgroups, the forgetful map f: Ko(CG) — Go(CG) is an isomorphism. We
do not know a counterexample to the statement that for a group G, which is not
amenable, Go(CG) = {0}. We also do not know whether Gy(CG) = {0} is true for
G=7ZxZ.

For more information about Gy(CG) we refer for instance to [202, sect. 9.5.3].

Bass Conjectures

Complex representations of a finite group can be studied using characters. We
now want to define the Hattori-Stallings rank of a finitely generated projective
CG-module which should be seen as a generalization of characters to infinite
groups.
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Let con(G) be the set of conjugacy classes (g) of elements ¢ € G. Denote by
con(G)y the subset of con(G) consisting of those conjugacy classes (g) for which
each representative g has finite order. Let classy(G) and classy(G)y be the C-vector
space with the set con(G) and con(G); as basis. This is the same as the C-vector
space of C-valued functions on con(G) and con(G)y with finite support. Define the
universal C-trace as

trég: CG — classy(G), Z/\g g Z/\g - (g) . (2.12)
geG geG

It extends to a function tr{,; : M,,(CG) — classo(G) on (n, n)-matrices over CG by
taking the sum of the traces of the diagonal entries. Let P be a finitely generated
projective CG-module. Choose a matrix A € M,(CG) such that A> = A and the
image of the CG-map r4: CG" — CG" given by right multiplication with A is
CG-isomorphic to P. Define the Hattori-Stallings rank of P as

HSce(P) = tri;(A) € classo(G) . (2.13)

The Hattori-Stallings rank depends only on the isomorphism class of the CG-
module P and induces a homomorphism HS¢g: Ko(CG) — classy(G).

Conjecture 83: (Strong Bass Conjecture for Ko(CG).)
The C-vector space spanned by the image of the map

HScg: Ko(CG) — classg(G)

is classo(G)y.

This conjecture is implied by the surjectivity of the map
colimpesuby, () Ko(CH) ®z C — Ko(CG) @z C, (2.14)

(compare Conjecture 79) and hence by the K-theoretic Farrell-Jones Conjecture
for Ko(CG). We will see below that the surjectivity of the map (2.14) also implies
that the map Ky(CG) ®7 C — classy(G), which is induced by the Hattori-Stallings
rank, is injective. Hence we do expect that the Hattori-Stallings rank induces an
isomorphism

Ko(CG) ®z C = classy(G)s .

There are also versions of the Bass conjecture for other coefficients than C. It
follows from results of Linnell [191, theorem 4.1 on page 96] that the following
version is implied by the Strong Bass Conjecture for K;(CG).

83

Conjecture 84: (The Strong Bass Conjecture for Ko(ZG).) The image of the com-
position

Ko(ZG) — Ko(CG) 5 classo(G)

84
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is contained in the C-vector space of those functions f: con(G) — C which vanish
for (¢) € con(g) with ¢ # 1.

The conjecture says that for every finitely generated projective ZG-module P the
Hattori-Stallings rank of CG ®z P looks like the Hattori-Stallings rank of a free
CG-module. A natural explanation for this behaviour is the following conjecture
which clearly implies the Strong Bass Conjecture for Ko (ZG).

85

Conjecture 85: (Rational I?o(ZG)-to-f(JO(QG)-Conjecture.) For every group G the
map

Ko(ZG) ®2 Q — Ko(QG) ®2,Q

induced by the change of coefficients is trivial.

Finally we mention the following variant of the Bass Conjecture.

86

Conjecture 86: (The Weak Bass Conjecture.) Let P be a finitely generated pro-
jective ZG-module. The value of the Hattori-Stallings rank of CG ®z¢ P at the
conjugacy class of the identity element is given by

HScG(CG ®z6 P)((1)) = dimz(Z ®z¢ P) .

Here Z is considered as a ZG-module via the augmentation.

The K-theoretic Farrell-Jones Conjecture implies all four conjectures above. More
precisely we have the following proposition.

87

Proposition 87
(i) The map

colimpesuby, (6) Ko(CH) ®7 Q — Ky(CG) ®7 Q

is always injective. If the map is also surjective (compare Conjecture 79) then
the Hattori-Stallings rank induces an isomorphism

Ky(CG) ®@z C = classy(G)r

and in particular the Strong Bass Conjecture for Ko(CG) and hence also the
Strong Bass Conjecture for Ko(ZG) hold.
(ii) The surjectivity of the map

Avey: Hf (Eyey(G); Kz) ®2 Q — Ko(ZG) ®z Q

implies the Rational K (ZG)-to-I?O(QG) Conjecture and hence also the Strong
Bass Conjecture for Ko(ZG).
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(iii) The Strong Bass Conjecture for Ky(CG) implies the Strong Bass Conjecture
for Ko(ZG). The Strong Bass Conjecture for Ko(ZG) implies the Weak Bass
Conjecture.

Proof (i) follows from the following commutative diagram, compare [198, lemma
2.15 on page 220].

colimpyesub v (6) Ko(CH) ®z C Ko(CG) ®2 C

| N o

= 1
colimpesuby, (G classo(H) ——— classg(G)y ——— classy(G) .

Here the vertical maps are induced by the Hattori-Stallings rank, the map i
is the natural inclusion and in particular injective and we have the indicated
isomorphisms.

(ii) According to Proposition 73 the surjectivity of the map Ayey appearing in 87
implies the surjectivity of the corresponding assembly map A, (rationalized
and with Z as coefficient ring) for the family of finite subgroups. The map Az
is natural with respect to the change of the coefficient ring from Z to Q. By
Theorem 173 we know that for every coefficient ring R there is an isomorphism
from

P P HBZGQ Sgwe Oc - Ky(RC) @2 Q
pap+q=0 (C)e(FCY)

to the 0-dimensional part of the left hand side of the rationalized 4 -assembly
map Agzyy. The isomorphism is natural with respect to a change of coefficient
rings. To see that the Rational Ko(ZG)-t0-Ko(QG) Conjecture follows, it hence
suffices to show that the summand corresponding to C = {1} andp = g = 0 is
the only one where the map induced from Z — Q is possibly non-trivial. But
K,(QC) = 0if g <0, because QC is semisimple and hence regular, and for a finite
cyclic group C # {1} we have by [198, lemma 7.4]

Oc - Ky(ZC) ®7Q = coker(@ Ko(ZD) @7, Q — Ky(ZC) ®y, (@) =0,
DCC

since by a result of Swan K((Z) ®z Q — Ko(ZH) ®z Q is an isomorphism for
a finite group H, see [298, proposition 9.1].

(iii) As already mentioned the first statement follows from [191, theorem 4.1 on
page 96]. The second statement follows from the formula

> HSce(C®z P)(g) = dimg(Z @z P) .
(g)€con(G)
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The next result is due to Berrick, Chatterji and Mislin [36, theorem 5.2]. The
Bost Conjecture is a variant of the Baum-Connes Conjecture and is explained in
Sect. 2.5.1.

88

Theorem 88 If the assembly map appearing in the Bost Conjecture 104 is rationally
surjective, then the Strong Bass Conjecture for Ko(CG) (compare 83) is true.

We now discuss some further questions and facts that seem to be relevant in the
context of the Bass Conjectures.

89

Remark 89: (Integral Ko @G)-to-l?o (@G)-Conjecture. ) We do not know a coun-
terexample to the Integral Ky(ZG)-to-Ky(QG) Conjecture, i.e. to the statement that
the map

Ko(ZG) — Ko(QG)

itself is trivial. But we also do not know a proof which shows that the K-theoretic
Farrell-Jones Conjecture implies this integral version. Note that the Integral
Ko(ZG)-to-Ky(QG) Conjecture would imply that the following diagram commutes.

Ky(ZG) — Ko(QG)

S

Ko(Z) ——— Z.

dimZ

Here p, is induced by the projection G — {1} and i sends 1 € Z to the class of QG.

20

Remark 90: (The passage from Ko(ZG) to Ky(N(G)).) Let N(G) denote the group
von Neumann algebra of G. It is known that for every group G the composition

Ko(ZG) — Ko(QG) — Ky(CG) — Ko(CHG)) — Ko(N(G))

is the zero-map (see for instance [202, theorem 9.62 on page 362]). Since the group
von Neumann algebra & (G) is not functorial under arbitrary group homomor-
phisms such as G — {1}, this does not imply that the diagram

Ko(ZG) ——— Ko(N(G))

Px l i T
dimg,

Ko(Z) ——— Z
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commutes. However, commutativity would follow from the Weak Bass Conjec-
ture 86. For a discussion of these questions see [93].

More information and further references about the Bass Conjecture can be found
for instance in [24], [36, sect. 7], [42,92,93,118,191] [202, sect. 9.5.2], and [225,

pp- 66ff].

Applications VII 2.4.2
Novikov Conjectures
In Sect. 2.2.9 we discussed the Novikov Conjectures. Recall that one possible
reformulation of the original Novikov Conjecture says that for every group G the
rationalized classical assembly map in L-theory
A: H,(BG I (Z2)) ®2 Q — L(ZG) ®2 Q
is injective. Since A can be identified with Ay, 4., and we know from Sect. 2.3.2
that the relative assembly map
Agorin: HS(Eg(G) L)) ®2 Q — HS(Egyun (G L)) @2 Q
is injective we obtain the following proposition.
Proposition 91 The rational injectivity of the assembly map appearing in L- 91
theoretic Farrell-Jones Conjecture (Conjecture 58) implies the L-theoretic Novikov
Conjecture (Conjecture 51) and hence the original Novikov Conjecture 52.
Similarly the Baum-Connes Conjecture 59 implies the injectivity of the rationalized
classical assembly map
A: H,(BG;K"?) @z Q — K,(Ci(G) ®2 Q.
In the next subsection we discuss how one can relate assembly maps for topological
K-theory with L-theoretic assembly maps. The results imply in particular the
following proposition.
Proposition 92 The rational injectivity of the assembly map appearing in the 92

Baum-Connes Conjecture (Conjecture 59) implies the Novikov Conjecture (Con-
jecture 52).

Finally we would like to mention that by combining the results about the ratio-
nalization of Ay, 7y & from Sect. 2.3.2 with the splitting result about Agy y_ vey
from Proposition 72 we obtain the following result
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93

Proposition 93 The rational injectivity of the assembly map appearing in the
Farrell-Jones Conjecture for algebraic K-theory (Conjecture 58) implies the K-
theoretic Novikov Conjecture, i.e. the injectivity of

A: Hy(BG;K(R)) ®z Q — Ku(RG) @2 Q.

94

Remark 94: (Integral Injectivity Fails.) In general the classical assembly maps
A = Ay themselves, i.e. without rationalizing, are not injective. For example one
can use the Atiyah-Hirzebruch spectral sequence to see that for G = Z/5

Hi(BGK') and H,(BGL"(Z))
contain 5-torsion, whereas for every finite group G the topological K-theory of CG

is torsionfree and the torsion in the L-theory of ZG is always 2-torsion, compare
Proposition 169 (i) and Proposition 171 (i).

Relating Topological K-Theory and L-Theory

For everyreal C*-algebra A thereisanisomorphism LA 1/2] i K, (A)[1/2] [269].
This can be used to compare L-theory to topological K-theory and leads to the
following result.

95

Proposition 95 Let ¥ € F{.V beafamily of finite subgroups of G. If the topological
K-theory assembly map

1 1
a1 (e @) [3] = kcron [ ]
is injective, then for an arbitrary decoration j also the map
G N o) 1
Ag: H;(Ef(G);L)) 5|~ U (ZG) 3

is injective.

Proof First recall from Remark 22 that after inverting 2 there is no difference
between the different decorations and we can hence work with the p-decoration.
One can construct for any subfamily ¥ < FJ4N the following commutative
diagram [200, sect. 7.5]
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HY(Er (G)LG[12]) ———— LL(ZG)[1/2]
e 2 e

HY (B (G LG[1)2]) ———— L5(QG)[1)2]
2 i S p i l

HY(Ex (GhLE[1)2])) ————— LH(RG)[1/2]
i | o= . s i

HE (E7 (G); L [12]) ——  LH(CHGR))[1)2]

mi; ) Ml;

i

A%
HS(Er (G);KgP[1)2]) ——— Ku(CHGR)[1/2]
i5 \L x5 js l

HS(Ex (G KP[12]) ———— Ku(CH(G))[1/2]
Here
L(1)2], Lg(1f2), 1801)2), Lepem (2],
Ky [1/2] and KZP[1/2]

are covariant Or(G)-spectra (compare Sect.2.7.2 and in particular Proposition 156)
such that the #-th homotopy group of their evaluations at G/H are given by

LN(ZH)([1)2], LH(QH)[1/2], LE(RH)([1/2], LA(Ci(H;R))[1/2],
K,(CI(H;R))[1/2] respectively K,(C;(H))[1/2] .

All horizontal maps are assembly maps induced by the projection pr: Ex(G) —
pt. The maps i and ji for k = 1,2,3 are induced from a change of rings. The
isomorphisms i, and j; come from the general isomorphism for any real C*-
algebra A

I}

L(A)[12] 5 K, (A)[1)2]

and its spectrum version [269, theorem 1.11 on page 350]. The maps iy, i, 7, are
isomorphisms by [256, page 376] and [258, proposition 22.34 on page 252]. The
map i3 is bijective since for a finite group H we have RH = C:(H;R). The maps is
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and js are given by extending the scalars from R to C by induction. For every real
C*-algebra A the composition

K,(A)[1]2] — Ky(A ®@r C)[1/2] — Ky(M(A))[1/2]

is an isomorphism and hence js is split injective. An Or(G)-spectrum version of
this argument yields that also s is split injective.

926 Remark 96 One may conjecture that the right vertical maps j, and j; are iso-
morphisms and try to prove this directly. Then if we invert 2 everywhere the
Baum-Connes Conjecture 59 for the real reduced group C*-algebra, would be
equivalent to the Farrell-Jones Isomorphism Conjecture for L,(ZG)[1/2].

243 Applications VIII
The Modified Trace Conjecture
Denote by AC the subring of Q which is obtained from Z by inverting all orders
|H| of finite subgroups H of G, i.e.
A°=Z[H"|HCG, |[H <] . (2.15)
The following conjecture generalizes Conjecture 37 to the case where the group
need no longer be torsionfree. For the standard trace compare (2.7).
97 Conjecture 97: (Modified Trace Conjecture for a group G.) Let Gbea group. Then
the image of the homomorphism induced by the standard trace
trexG): K()(C:(G)) —- R (2.16)
is contained in AC.
The following result is proved in [203, theorem 0.3].
98 Theorem 98 Let G be a group. Then the image of the composition

CHG)

tr
Ko(CHG) ®zA° 57 R

Ag id
K§ (Erix(G)) @7 4% 745

is AC. Here Az, is the map appearing in the Baum-Connes Conjecture 59. In
particular the Baum-Connes Conjecture 59 implies the Modified Trace Conjecture.

The original version of the Trace Conjecture due to Baum and Connes [27, page 21]
makes the stronger statement that the image of trcyg): Ko(C;(G)) — R is the

additive subgroup of (Q generated by all numbers ﬁ, where H C G runs though
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all finite subgroups of G. Roy has constructed a counterexample to this version
in [274] based on her article [275]. The examples of Roy do not contradict the
Modified Trace Conjecture 97 or the Baum-Connes Conjecture 59.

The Stable Gromov-Lawson-Rosenberg Conjecture

The Stable Gromov-Lawson-Rosenberg Conjecture is a typical conjecture relating
Riemannian geometry to topology. It is concerned with the question when a given
manifold admits a metric of positive scalar curvature. To discuss its relation with
the Baum-Connes Conjecture we will need the real version of the Baum-Connes
Conjecture, compare Sect. 2.5.1.

Let Q"™ (BG) be the bordism group of closed Spin-manifolds M of dimension n
with a reference map to BG. Let C;(G; R) be the real reduced group C*-algebra and
let KO,(C!(G;R)) = K,,(C!(G; R)) be its topological K-theory. We use KO instead
of K as a reminder that we here use the real reduced group C*-algebra. Given an
element [u: M — BG] € Q3P™(BG), we can take the C*(G;R)-valued index of the
equivariant Dirac operator associated to the G-covering M — M determined by w.
Thus we get a homomorphism

indcy (G : @F™(BG) — KO,(CHG;R)) . (2.17)

A Bott manifold is any simply connected closed Spin-manifold B of dimension
8 whose A-genus A(B) is 8. We fix such a choice, the particular choice does not
matter for the sequel. Notice that indcs (1)) (B) € KOg(R) = Z is a generator
and the product with this element induces the Bott periodicity isomorphisms

KO,(C¥(G;R)) = KO,45(C*(G;R)). In particular
indcf(G;R) (M) = indcr(G;R) (M X B) N (2.18)

if we identify KO, (C}(G;R)) = KO,43(C:(G; R)) via Bott periodicity.

Conjecture 99: (Stable Gromov-Lawson-Rosenberg Conjecture.)  Let M be
a closed connected Spin-manifold of dimension n > 5. Let uy: M — Bm (M)
be the classifying map of its universal covering. Then M x BF carries for some
integer k > 0 a Riemannian metric with positive scalar curvature if and only if

indcs (m ) ([M, up]) =0 € KOW(C(m(M); R)) .

If M carries a Riemannian metric with positive scalar curvature, then the index of
the Dirac operator must vanish by the Bochner-Lichnerowicz formula [267]. The
converse statement that the vanishing of the index implies the existence of a Rie-
mannian metric with positive scalar curvature is the hard part of the conjecture.
The following result is due to Stolz. A sketch of the proof can be found in [297,
sect. 3], details are announced to appear in a different paper.

29
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100

Theorem 100 If the assembly map for the real version of the Baum-Connes Con-
jecture (compare Sect. 2.5.1) is injective for the group G, then the Stable Gromov-
Lawson-Rosenberg Conjecture 99 is true for all closed Spin-manifolds of dimen-
sion > 5withm (M) =G

Therequirementdim(M) > 5isessential in the Stable Gromov-Lawson-Rosenberg
Conjecture, since in dimension four new obstructions, the Seiberg-Witten invari-
ants, occur. The unstable version of this conjecture says that M carries a Rieman-
nian metric with positive scalar curvature ifand only ifind ¢ (m, (M)r) ([M, unm]) = 0

Schick [278] constructs counterexamples to the unstable version using minimal
hypersurface methods due to Schoen and Yau (see also [90]). It is not known at
the time of writing whether the unstable version is true for finite fundamental
groups. Since the Baum-Connes Conjecture 59 is true for finite groups (for the
trivial reason that Ez; (G) = pt for finite groups G), Theorem 100 implies that
the Stable Gromov-Lawson Conjecture 99 holds for finite fundamental groups (see
also [270]).

The index map appearing in (2.17) can be factorized as a composition

indcr (g : 29" (BG) = KO,(BG) 2> KO,(CH(G;R)), (2.19)

where D sends [M, u] to the class of the G-equivariant Dirac operator of the G-
manifold M given by u and A = Ay, is the real version of the classical assembly
map. The homological Chern character defines an isomorphism

KO, (BG) ®7 Q i @Hn+4p(BG§ Q).
pEZ

Recall that associated to M there is the A-class

AM) € ]_[ H (M;Q) (2.20)
p=0

which is a certain polynomial in the Pontrjagin classes. The map D appearing
in (2.19) sends the class of u: M — BG to u*(A(M) N [M]), i.e. the image of the
Poincaré dual of A(M) under the e map induced by u in rational homology Hence
D([M, u]) = 0 if and only if u*(A(M) N [M]) vanishes. For x € Hk>0H (BG; Q)
define the higher A-genus of (M, u) associated to x to be

AdM, u) = (AM) Uu*x, [M]) = (x,u, (AM) N [M])) €Q. (2.21)

The vanishing of AM) is equivalent to the vanishing of all higher A-genera
Ay(M,u). The following conjecture is a weak version of the Stable Gromov-
Lawson-Rosenberg Conjecture.

101

Conjecture 101:  (Homological Gromov-Lawson-Rosenberg Conjecture.) Let Gbe
a group. Then for any closed Spin-manifold M, which admits a Riemannian metric
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with positive scalar curvature, the A-genus A, (M, u) vanishes for all maps u: M —
BG and elements x € [];., H*(BG; Q).

From the discussion above we obtain the following result.

Proposition 102 If the assembly map 102
KO,(BG) ®z Q — KO4(C}(GR)) ®2 Q

is injective for all #n € Z, then the Homological Gromov-Lawson-Rosenberg Con-
jecture holds for G.

Generalizations and Related Conjectures 25
Variants of the Baum-Connes Conjecture 2.5.1

The Real Version
There is an obvious real version of the Baum-Connes Conjecture, which predicts
that for all n € Z and groups G the assembly map

AR, HS(E# (G); K®) — KO,(CH(G;R))

is an isomorphism. Here HS(—; Kﬁgp) is an equivariant homology theory whose
distinctive feature is that HnG (G/H; Kﬂgp) = KO,(C!(H;R)). Recall that we write
KO,(-) only to remind ourselves that the C*-algebra we apply it to is a real C*-
algebra, like for example the real reduced group C*-algebra C}(G; R). The following
result appears in [31].

Proposition 103 The Baum-Connes Conjecture 59 implies the real version of the 103
Baum-Connes Conjecture.

In the proof of Proposition 95 we have already seen that after inverting 2 the “real
assembly map” is a retract of the complex assembly map. In particular with 2-
inverted or after rationalizing also injectivity results or surjectivity results about
the complex Baum-Connes assembly map yield the corresponding results for the
real Baum-Connes assembly map.

The Version for Maximal Group C*-Algebras
For a group G let C; . (G) be its maximal group C*-algebra, compare [242, 7.1.5
on page 229]. The maximal group C*-algebra has the advantage that every homo-
morphism of groups ¢: G — H induces a homomorphism C_ (G) — C%_ (H)

of C*-algebras. This is not true for the reduced group C*-algebra C:(G). Here
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is a counterexample: since C(F) is a simple algebra if F is a non-abelian free
group [245], there is no unital algebra homomorphism C}(F) — Ci({1}) = C.

One can construct a version of the Baum-Connes assembly map using an
equivariant homology theory HS(—; Kib,) which evaluated on G/H yields the
K-theory of C*_ (H) (use Proposition 156 and a suitable modification of K'P,
compare Sect. 2.7.3).

Since on the left hand side of a ¥4 N -assembly map only the maximal group C*-
algebras for finite groups H matter, and clearly C},, .(H) = CH = C}(H) for such
H, this left hand side coincides with the left hand side of the usual Baum-Connes
Conjecture. There is always a C*-homomorphism p: C*  (G) — C!(G) (it is an
isomorphism if and only if G is amenable [242, theorem 7.3.9 on page 243]) and
hence we obtain the following factorization of the usual Baum-Connes assembly
map

Ki(Crax(G))
Amax

/ l Kn(p) (2.22)

HS(Ezyn (G);K'P) —— K, (CH(G)).
Aggn

It is known that the map AZY, is in general not surjective. The Baum-Connes
Conjecture would imply that the map is AT{, is always injective, and that it is
surjective if and only if the vertical map K, (p) is injective.

A countable group G is called K-amenable if the map p: C . (G) — CH(G)
induces a KK-equivalence (compare [78]). This implies in particular that the
vertical map K,(p) is an isomorphism for all n € Z. Note that for K-amenable
groups the Baum-Connes Conjecture holds if and only if the “maximal” version
of the assembly map AZ, is an isomorphism for all n € Z. A-T-menable groups
are K-amenable, compare Theorem 120. But Ky (p) is not injective for every infinite
group which has property (T) such as for example SL,(Z) for n > 3, compare for
instance the discussion in [163]. There are groups with property (T) for which
the Baum-Connes Conjecture is known (compare Sect. 2.6.1) and hence there are
counterexamples to the conjecture that A7, is an isomorphism.

In Theorem 48 and Remark 49 we discussed applications of the maximal C*-
algebra version of the Baum-Connes Conjecture.

The Bost Conjecture

Some of the strongest results about the Baum-Connes Conjecture are proven using
the so called Bost Conjecture (see [186]). The Bost Conjecture is the version of
the Baum-Connes Conjecture, where one replaces the reduced group C*-algebra
C#(G) by the Banach algebra I'(G) of absolutely summable functions on G. Again
one can use the spectra approach (compare Sects. 2.7.2 and 2.7.3 and in partic-
ular Proposition 156) to produce a variant of equivariant K-homology denoted
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HS(— K;fp) which this time evaluated on G/H yields K,,(I'(H)), the topological
K-theory of the Banach algebra I'(H).

As explained in the beginning of Chapt. 2.3, we obtain an associated assembly
map and we believe that it coincides with the one defined using a Banach-algebra
version of KK-theory in [186].

Conjecture 104:  (Bost Conjecture.) Let Gbe a countable group. Then the assembly
map

1
AL, v HS (B v (G); K|

P) > K, (I(G))

is an isomorphism.

Again the left hand side coincides with the left hand side of the Baum-Connes
assembly map because for finite groups H we have I'(H) = CH = C/(H). There is
always a homomorphism of Banach algebras q: I'(G) — C*(G) and one obtains
a factorization of the usual Baum-Connes assembly map

K, (IN(G))
Al

FIN
l Ku(q)

AFN
HY(Eryn (G K'P) —— Ku(CH(G)) .

Every group homomorphism G — H induces a homomorphism of Banach al-
gebras I'(G) — I'(H). So similar as in the maximal group C*-algebra case this
approach repairs the lack of functoriality for the reduced group C*-algebra.

The disadvantage of I' (G) is however that indices of operators tend to take values
in the topological K-theory of the group C*-algebras, not in K,,(I'(G)). Moreover
the representation theory of G is closely related to the group C*-algebra, whereas
the relation to I'(G) is not well understood.

For more information about the Bost Conjecture 104 see [186,288].

The Baum-Connes Conjecture with Coefficients

The Baum-Connes Conjecture 59 can be generalized to the Baum-Connes Con-
jecture with Coefficients. Let A be a separable C*-algebra with an action of the
countable group G. Then there is an assembly map

KKS(Ezy 4 (G); A) — K, (A x G) (2.23)

defined in terms of equivariant KK-theory, compare Sects. 2.8.3 and 2.8.4.

104

Conjecture 105:  (Baum-Connes Conjecture with Coefficients.) For every separa-
ble C*-algebra A with an action of a countable group G and every n € Z the
assembly map (2.23) is an isomorphism.

105
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There are counterexamples to the Baum-Connes Conjecture with Coefficients,
compare Remark 122. If we take A = C with the trivial action, the map (2.23)
can be identified with the assembly map appearing in the ordinary Baum-Connes
Conjecture 59.

106

Remark 106: (A Spectrum Level Description.) Thereisaformulation of the Baum-
Connes Conjecture with Coefficients in the framework explained in Sect. 2.7.2.
Namely, construct an appropriate covariant functor K'P(A x 6%(-)): Or(G) —
SPECTRA such that

m,(K'P(A x §°(GH))) = Ku(A x H)

holds for all subgroups H € G and all n € Z, and consider the associated G-
homology theory HS(—; K'P(A x §%(—))). Then the map (2.23) can be identified
with the map which the projection pr: Exy»(G) — pt induces for this homology
theory.

107

Remark 107: (Farrell-Jones Conjectures with Coefficients.) One can also formu-
late a “Farrell-Jones Conjecture with Coefficients”. (This should not be confused
with the Fibered Farrell-Jones Conjecture discussed in Sect. 2.5.2.) Fix aring Sand
an action of G on it by isomorphisms of rings. Construct an appropriate covariant
functor K(S x §%(-)): Or(G) — SPECTRA such that

m,(K(S x §°(G/H))) = K,.(S x H)

holds for all subgroups H € G and n € Z, where S x H is the associated twisted
group ring. Now consider the associated G-homology theory HS (—; K(Sx §¢(-))).
There is an analogous construction for L-theory. A Farrell-Jones Conjecture with
Coefficients would say that the map induced on these homology theories by the
projection pr: Eyey(G) — ptis always an isomorphism. We do not know whether
there are counterexamples to the Farrell-Jones Conjectures with Coefficients, com-
pare Remark 122.

The Coarse Baum Connes Conjecture
We briefly explain the Coarse Baum-Connes Conjecture, a variant of the Baum-
Connes Conjecture, which applies to metric spaces. Its importance lies in the
fact that isomorphism results about the Coarse Baum-Connes Conjecture can be
used to prove injectivity results about the classical assembly map for topological
K-theory. Compare also Sect. 2.8.10.

Let X be a proper (closed balls are compact) metric space and Hy a separable
Hilbert space with a faithful nondegenerate *-representation of Cy(X), the algebra
of complex valued continuous functions which vanish at infinity. A bounded linear
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operator T has a support supp T C X x X, which is defined as the complement
of the set of all pairs (x,x’), for which there exist functions ¢ and ¢’ € Cy(X)
such that ¢(x) # 0, ¢/(x’) # 0 and ¢'T¢ = 0. The operator T is said to be a finite
propagation operator if there exists a constant a such that d(x,x’) < « for all pairs
in the support of T. The operator is said to be locally compact if ¢T and T¢ are
compact for every ¢ € Cy(X). An operator is called pseudolocal if 9T is a compact
operator for all pairs of continuous functions ¢ and y with compact and disjoint
supports.

The Roe-algebra C*(X) = C(X, Hy) is the operator-norm closure of the -
algebra of all locally compact finite propagation operators on Hy. The algebra
D*(X) = D*(X, Hx) is the operator-norm closure of the pseudolocal finite prop-
agation operators. One can show that the topological K-theory of the quotient
algebra D*(X)/C*(X) coincides up to an index shift with the analytically defined
(non-equivariant) K-homology K, (X), compare Sect. 2.8.1. For a uniformly con-
tractible proper metric space the coarse assembly map K,(X) — K,(C*(X)) is the
boundary map in the long exact sequence associated to the short exact sequence
of C*-algebras

0 — C*(X) - D'(X) » D'(X)|C*(X) = 0.

For general metric spaces one first approximates the metric space by spaces with
nice local behaviour, compare [263]. For simplicity we only explain the case, where
X is a discrete metric space. Let P;(X) the Rips complex for a fixed distance d,
i.e. the simplicial complex with vertex set X, where a simplex is spanned by every
collection of points in which every two points are a distance less than d apart.
Equip P4(X) with the spherical metric, compare [335].

A discrete metric space has bounded geometry if for each r > 0 there exists a
N(r) such that for all x the ball of radius r centered at x € X contains at most N(r)
elements.

Conjecture 108: (Coarse Baum-Connes Conjecture.) Let X be a proper discrete
metric space of bounded geometry. Then for n = 0, 1 the coarse assembly map

colim, K, (P4(X)) — colimy K,,(C*(P4(X))) = K,(C*(X))
is an isomorphism.
The conjecture is false if one drops the bounded geometry hypothesis. A coun-

terexample can be found in [336, sect. 8]. Our interest in the conjecture stems from
the following fact, compare [263, chapt. 8].

108

Proposition 109 Suppose the finitely generated group G admits a classifying space
BG of finite type. If G considered as a metric space via a word length metric
satisfies the Coarse Baum-Connes Conjecture 108 then the classical assembly map
A: K.(BG) — K,.(CrG) which appears in Conjecture 31 is injective.

109
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The Coarse Baum-Connes Conjecture for a discrete group G (considered as a met-
ric space) can be interpreted as a case of the Baum-Connes Conjecture with
Coefficients 105 for the group G with a certain specific choice of coefficients,
compare [339].

Further information about the coarse Baum-Connes Conjecture can be found
for instance in [151,152,154,263,334,335,337,340], and [338].

The Baum-Connes Conjecture for Non-Discrete Groups
Throughout this subsection let T' be alocally compact second countable topological
Hausdorff group. There is a notion of a classifying space for proper T-actions ET
(see [28, sects. 1 and 2] [304, sect. 1.6], [207, sect. 1]) and one can define its
equivariant topological K-theory KT (ET). The definition of a reduced C*-algebra
C(T) and its topological K-theory K,,(C/(T)) makes sense also for T. There is an
assembly map defined in terms of equivariant index theory

Ay : KNET) — K,(CH(T)) . (2.24)

The Baum-Connes Conjecture for T says that this map is bijective for all n € Z [28,
conjecture 3.15 on page 254].

Now consider the special case where T is a connected Lie group. Let K be the
family of compact subgroups of T. There is a notion of a T-CW-complex and of
a classifying space Ex (T) defined as in Sects. 2.3.1 and 2.3.1. The classifying space
Ey (T) yields a model for ET. Let K C T be a maximal compact subgroup. It is
unique up to conjugation. The space T/K is contractible and in fact a model for
ET (see [1, appendix, theorem A.5], [2, corollary 4.14], [207, sect. 1]). One knows
(see [28, proposition 4.22], [170])

n=dim(T/K) mod 2,

KT(ET) = KT(TJK) = {RC(K)
0 n=1+dim(T/K) mod 2,

where Rc(K) is the complex representation ring of K.

Next we consider the special case where T is a totally disconnected group.
Let KO be the family of compact-open subgroups of T. A T-CW-complex and
a classifying space Exo(T) for T and K@ are defined similar as in Sect. 2.3.1
and 2.3.1. Then Ex ¢ (T) is amodel for ET since any compact subgroup is contained
in a compact-open subgroup, and the Baum-Connes Conjecture says that the
assembly map yields for n € Z an isomorphism

Axo: KN(Exo(T)) — K,(CH(T)) . (2.25)

For more information see [30].

Variants of the Farrell-Jones Conjecture
Pseudoisotopy Theory

An important variant of the Farrell-Jones Conjecture deals with the pseudoisotopy
spectrum functor P, which we already discussed briefly in Sect. 2.2.4. In fact it is
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this variant of the Farrell-Jones Conjecture (and its fibered version which will be
explained in the next subsection) for which the strongest results are known at the
time of writing.

In Proposition 157 we will explain that every functor E: GROUPOIDS —
SPECTRA, which sends equivalences of groupoids to stable weak equivalences
of spectra, yields a corresponding equivariant homology theory HS(—; E). Now
whenever we have a functor F: SPACES — SPECTRA, we can precompose it
with the functor “classifying space” which sends a groupoid § to its classifying
space BG. (Here BY is simply the realization of the nerve of § considered as
a category.) In particular this applies to the pseudoisotopy functor P. Thus we
obtain a homology theory HS(—; P o B) whose essential feature is that

HS(GJH;P o B) = m,(P(BH)) ,

i.e. evaluated at G/H one obtains the homotopy groups of the pseudoisotopy spec-
trum of the classifying space BH of the group H. As the reader may guess there is
the following conjecture.

Conjecture 110:  (Farrell-Jones Conjecture for Pseudoisotopies of Aspherical
Spaces.) For every group G and all n € Z the assembly map

HS(Eyey(G);P o B) — HY (pt; P o B) = m,(P(BG))
is an isomorphism. Similarly for P4ff, the pseudoisotopy functor which is defined

using differentiable pseudoisotopies.

A formulation of a conjecture for spaces which are not necessarily aspherical will
be given in the next subsection, see in particular Remark 115.

110

Remark 111: (Relating K-theory and Pseudoisotopy Theory.) We already outlined
in Sect. 2.2.4 the relationship between K-theory and pseudoisotopies. The com-
parison in positive dimensions described there can be extended to all dimensions.
Vogell constructs in [309] a version of A-theory using retractive spaces that are
bounded over R¥ (compare Sects. 2.2.2 and 2.2.4). This leads to a functor A=
from spaces to non-connective spectra. Compare also [56,310,311] and [326]. We
define Whj,[° via the fibration sequence

XiAA™®(pt) > A™®(X) - Wh°(X) ,
where the first map is the assembly map. The natural equivalence
Q*Wh°(X) ~ P(X)

seems to be hard to trace down in the literature but should be true. We will assume
it in the following discussion.

Precompose the functors above with the classifying space functor B to obtain
functors from groupoids to spectra. The pseudoisotopy assembly map which ap-

111
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pears in Conjecture 110 is an isomorphism if and only if the A-theory assembly
map

HS,,(Evey(G); A" 0 B) — Hy,,(pt; A" o B) = m,.,,(A"°(BG))

is an isomorphism. This uses a 5-lemma argument and the fact that for a fixed
spectrum E the assembly map

HS (Ex(G); B4°(-)+ AE) — HY (pt; BG°(~)+AE)

is always bijective. There is a linearization map A™*°(X) — K(ZII(X)g) (see
the next subsection for the notation) which is always 2-connected and a rational
equivalence if X is aspherical (recall that K denotes the non-connective K-theory
spectrum). For finer statements about the linearization map, compare also [230].

The above discussion yields in particular the following, compare [111, 1.6.7 on
page 261].

112

Proposition 112 The rational version of the K-theoretic Farrell-Jones Conjec-
ture 58 is equivalent to the rational version of the Farrell-Jones Conjecture for
Pseudoisotopies of Aspherical Spaces 110. If the assembly map in the conjecture
for pseudoisotopies is (integrally) an isomorphism for n < —1, then so is the
assembly map in the K-theoretic Farrell-Jones Conjecture for n < 1.

Fibered Versions
Next we present the more general fibered versions of the Farrell-Jones Conjectures.
These fibered versions have better inheritance properties, compare Sect. 2.6.4.

In the previous section we considered functors F: SPACES — SPECTRA, like
P, P4iff and A=, and the associated equivariant homology theories HY(—;F o B)
(compare Proposition 157). Here B denotes the classifying space functor, which
sends a groupoid § to its classifying space B§. In fact all equivariant homology
theories we considered so far can be obtained in this fashion for special choices of
F. Namely, let F be one of the functors

K(RII(-)g), L™(RI(-)g) or K“P(CII(-)g),

where IT(X) denotes the fundamental groupoid of a space, RG.q respectively C’ G
is the R-linear respectively the C*-category associated to a groupoid § and K,
L™ and K'P are suitable functors which send additive respectively C*-categories
to spectra, compare the proof of Theorem 158. There is a natural equivalence
g — IIBG. Hence, if we precompose the functors above with the classifying space
functor B we obtain functors which are equivalent to the functors we have so far
been calling

Ke, Ly™ and KP,
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compare Theorem 158. Note that in contrast to these three cases the pseudoiso-
topy functor P depends on more than just the fundamental groupoid. However
Conjecture 110 above only deals with aspherical spaces.

Given a G-CW-complex Z and a functor F from spaces to spectra we obtain
a functor X — F(Z x¢ X) which digests G-CW-complexes. In particular we can
restrict it to the orbit category to obtain a functor

F(Z xg—): Or(G) —> SPECTRA..
According to Proposition 156 we obtain a corresponding G-homology theory
HS(—F(Z x¢-))

and associated assembly maps. Note that restricted to the orbit category the functor
EG x¢ — is equivalent to the classifying space functor B and so H’(—;F o B) can
be considered as a special case of this construction.

Conjecture 113:  (Fibered Farrell-Jones Conjectures.) Let R be a ring (with invo-
lution). Let F: SPACES — SPECTRA be one of the functors

K(RI(-)e), LT™(RI(-)g), P(-), PU(-) or A™(-).
Then for every free G-CW-complex Z and all n € Z the associated assembly map
H,; (Evey (Gl F(Z x¢ -)) — H; (Pt F(Z x¢ -)) = my(F(Z]G))

is an isomorphism.

113

Remark 114: (A Fibered Baum-Connes Conjecture.) With the family 4N in-
stead of VCY and the functor F = K'°P(C*II(—)g) one obtains a Fibered Baum-
Connes Conjecture.

114

Remark 115:  (The Special Case Z = X.) Suppose Z = X is the universal covering
of a space X equipped with the action of its fundamental group G = m (X).
Then in the algebraic K- and L-theory case the conjecture above specializes to
the “ordinary” Farrell-Jones Conjecture 58. In the pseudoisotopy and A-theory
case one obtains a formulation of an (unfibered) conjecture about m,(P(X)) or
m,(A™*°(X)) for spaces X which are not necessarily aspherical.

115

Remark 116: (Relation to the Original Formulation.) In [111] Farrell and Jones
formulate a fibered version of their conjectures for every (Serre) fibration Y — X
over a connected CW-complex X. In our set-up this corresponds to choosing Z to
be the total space of the fibration obtained from Y — X by pulling back along the

116
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universal covering projection X — X. This space is a free G-space for G = ,(X).
Note that an arbitrary free G-CW-complex Z can always be obtained in this fashion
from a map Z|/G — BG, compare [111, corollary 2.2.1 on page 264].

117

Remark 117:  (Relating K-theory and Pseudoisotopy Theory in the Fibered Case.)
The linearization map m,(A™° (X)) — K,(ZII(X)) is always 2-connected, but for
spaces which are not aspherical it need not be a rational equivalence. Hence the
comparison results discussed in Remark 111 apply for the fibered versions only in
dimensions n < 1.

The Isomorphism Conjecture for NK-Groups

In Remark 15 we defined the groups NK,(R) for a ring R. They are the simplest
kind of Nil-groups responsible for the infinite cyclic group. Since the functor Ky is
natural with respect to ring homomorphism we can define NKy as the (objectwise)
homotopy cofiber of K — Kgs. There is an associated assembly map.

118

Conjecture 118:  (Isomorphism Conjecture for NK-groups.) The assembly map
Hy/(Evey(G); NKg) — H,/ (pt; NKg) = NK,,(RG)
is always an isomorphism.

There is a weak equivalence Kg[;j >~ Kr V NKy of functors from GROUPOIDS to
SPECTRA. This implies for a fixed family ¥ of subgroups of G and n € Z that
whenever two of the three assembly maps

Az : H(E#(G); Kgpy) — Ku(R[H[G]),
Ag: H(E#(G);Kg) — Ku(R[G]),
Ag: H(Ex(G); NKg) — NK,(RG)

are bijective, then so is the third (compare [19, sect. 7]). Similarly one can define
a functor Eg from the category GROUPOIDS to SPECTRA and weak equivalences

KR[t,t’]] — Ep < Kz V2Kr vV NKr V NKy ,

which on homotopy groups corresponds to the Bass-Heller-Swan decomposition
(see Remark 15). One obtains a two-out-of-three statement as above with the
Kg[:)-assembly map replaced by the Ky, ,-1;-assembly map.

Algebraic K-Theory of the Hecke Algebra
In Sect. 2.5.1 we mentioned the classifying space Ex ¢ (G) for the family of compact-
open subgroups and the Baum-Connes Conjecture for a totally disconnected
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group T. There is an analogous conjecture dealing with the algebraic K-theory
of the Hecke algebra.

Let #(T) denote the Hecke algebra of T which consists of locally constant
functions G — C with compact support and inherits its multiplicative structure
from the convolution product. The Hecke algebra #(T) plays the same role for
T as the complex group ring CG for a discrete group G and reduces to this
notion if T happens to be discrete. There is a T-homology theory #. with the
property that for any open and closed subgroup H € T and all n € Z we have
HI(TIH) = K,(#(H)), where K,(#(H)) is the algebraic K-group of the Hecke
algebra #(H).

Conjecture 119:  (Isomorphism Conjecture for the Hecke-Algebra.) For a totally 119
disconnected group T the assembly map

Axo: H, (Exo(T)) = H'(pt) = K,(H(T)) (2.26)

induced by the projection pr: Exo(T) — ptis an isomorphism for all n € Z.

In the case n = 0 this reduces to the statement that
colimryeor o (1) Ko(H (H)) — Ko(FH(T)) . (2.27)

is an isomorphism. For n < —1 one obtains the statement that K,(#(G)) = 0.
The group Ko(#(T)) has an interpretation in terms of the smooth representations
of T. The G-homology theory can be constructed using an appropriate functor
E: Orxo(T) — SPECTRA and the recipe explained in Sect. 2.7.2. The desired
functor E is given in [276].

Status of the Conjectures 26

In this section, we give the status, at the time of writing, of some of the conjectures
mentioned earlier. We begin with the Baum-Connes Conjecture.

Status of the Baum-Connes-Conjecture 2.6.1

The Baum-Connes Conjecture with Coefficients

We begin with the Baum-Connes Conjecture with Coefficients 105. It has better
inheritance properties than the Baum-Connes Conjecture 59 itself and contains it
as a special case.

Theorem 120: (Baum-Connes Conjecture with Coefficients and a-T-menable 120
Groups.) The discrete group G satisfies the Baum-Connes Conjecture with Coef-
ficients 105 and is K-amenable provided that G is a-T-menable.
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This theorem is proved in Higson-Kasparov [149, theorem 1.1], where more
generally second countable locally compact topological groups are treated (see
also [164]).

A group Gis a-T-menable, or, equivalently, has the Haagerup property if Gadmits
a metrically proper isometric action on some affine Hilbert space. Metrically
proper means that for any bounded subset B the set {g € G | gBN B # 0}
is finite. An extensive treatment of such groups is presented in [66]. Any a-T-
menable group is countable. The class of a-T-menable groups is closed under
taking subgroups, under extensions with finite quotients and under finite products.
It is not closed under semi-direct products. Examples of a-T-menable groups are
countable amenable groups, countable free groups, discrete subgroups of SO(#, 1)
and SU(n, 1), Coxeter groups, countable groups acting properly on trees, products
of trees, or simply connected CAT(0) cubical complexes. A group G has Kazhdan’s
property (T) if, whenever it acts isometrically on some affine Hilbert space, it has
a fixed point. An infinite a-T-menable group does not have property (T). Since
SL(n,Z) for n > 3 has property (T), it cannot be a-T-menable.

Using the Higson-Kasparov result Theorem 120 and known inheritance prop-
erties of the Baum-Connes Conjecture with Coefficients (compare Sect. 2.6.4
and [233, 234]) Mislin describes an even larger class of groups for which the
conjecture is known [225, theorem 5.23].

121

Theorem 121:  (The Baum-Connes Conjecture with Coefficients and the Class of
Groups LHETH.) The discrete group G satisfies the Baum-Connes Conjecture
with Coefficients 105 provided that G belongs to the class LHE TH.

The class LHETH is defined as follows. Let HT# be the smallest class of groups
which contains all a-T-menable groups and contains a group Gif thereisa 1-dimen-
sional contractible G-CW-complex whose stabilizers belong already to HT#. Let
HETH be the smallest class of groups containing H7# and containing a group G
if either Gis countable and admits a surjective map p: G — Qwith Qand p~!(F) in
HETH for every finite subgroup F C Qor if G admits a 1-dimensional contractible
G-CW-complex whose stabilizers belong already to HETH. Let LHETH be the
class of groups G whose finitely generated subgroups belong to HET#.

The class LHE 7. is closed under passing to subgroups, under extensions with
torsion free quotients and under finite products. It contains in particular one-
relator groups and Haken 3-manifold groups (and hence all knot groups). All
these facts of the class LHE 77 and more information can be found in [225].

Vincent Lafforgue has an unpublished proof of the Baum-Connes Conjecture
with Coefficients 105 for word-hyperbolic groups.

122

Remark 122 There are counterexamples to the Baum-Connes Conjecture with
(commutative) Coefficients 105 as soon as the existence of finitely generated groups
containing arbitrary large expanders in their Cayley graph is shown [150, sect. 7].
The existence of such groups has been claimed by Gromov [138, 139]. Details of
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the construction are described by Ghys in [134]. At the time of writing no coun-
terexample to the Baum-Connes Conjecture 59 (without coefficients) is known to
the authors.

The Baum-Connes Conjecture

Next we deal with the Baum-Connes Conjecture 59 itself. Recall that all groups
which satisfy the Baum-Connes Conjecture with Coefficients 105 do in particular
satisfy the Baum-Connes Conjecture 59.

Theorem 123:  (Status of the Baum-Connes Conjecture.) A group G satisfies the

Baum-Connes Conjecture 59 if it satisfies one of the following conditions.

(i) It is a discrete subgroup of a connected Lie groups L, whose Levi-Malcev
decomposition L = RS into the radical R and semisimple part S is such that S
is locally of the form

S=K x 80(n;,1) x ... x SO(ny, 1) x SU(my, 1) x ... x SU(my, 1)

for a compact group K.

(ii) The group G has property (RD) and admits a proper isometric action on
a strongly bolic weakly geodesic uniformly locally finite metric space.

(iii) Gis a subgroup of a word hyperbolic group.

(vi) Gis a discrete subgroup of Sp(n, 1).

Proof The proof under condition 123 is due to Julg-Kasparov [166]. The proof
under condition 123 is due to Lafforgue [183] (see also [288]). Word hyperbolic
groups have property (RD) [84]. Any subgroup of a word hyperbolic group satisfies
the conditions appearing in the result of Lafforgue and hence satisfies the Baum-
Connes Conjecture 59 [222, theorem 20]. The proof under condition 123 is due to
Julg [165].

Lafforgue’s result about groups satisfying condition 123 yielded the first examples
of infinite groups which have Kazhdan’s property (T) and satisfy the Baum-Connes
Conjecture 59. Here are some explanations about condition 123.

A length function on G is a function L: G — R such that L(1) = 0, L(g) =
L(g™") for g € Gand L(g1) < L(g1) + L(g) for g1, € G holds. The word length
metric Lg associated to a finite set S of generators is an example. A length function
L on G has property (RD) (“rapid decay”) if there exist C,s > 0 such that for any
u=73 A 8§ € CGwehave

12
loc(w)lloe < C- (Z -1 +L(g))25> :

geG

123



776 Wolfgang Liick, Holger Reich

where |og(u)|oo is the operator norm of the bounded G-equivariant operator
*(G) — P(G) coming from right multiplication with u. A group G has property
(RD)if there is a length function which has property (RD). More information about
property (RD) can be found for instance in [63,184] and [307, chapt. 8]. Bolicity
generalizes Gromov’s notion of hyperbolicity for metric spaces. We refer to [169]
for a precise definition.

124

Remark 124 We do not know whether all groups appearing in Theorem 123 satisfy
also the Baum-Connes Conjecture with Coefficients 105.

125

Remark 125 It is not known at the time of writing whether the Baum-Connes
Conjecture is true for SL(n, Z) for n > 3.

126

Remark 126: (The Status for Topological Groups.) We only dealt with the Baum-
Connes Conjecture for discrete groups. We already mentioned that Higson-Kaspa-
rov [149] treat second countable locally compact topological groups. The Baum-
Connes Conjecture for second countable almost connected groups G has been
proven by Chabert-Echterhoff-Nest [60] based on the work of Higson-Kaspa-
rov [149] and Lafforgue [186]. The Baum-Connes Conjecture with Coefficients 105
has been proved for the connected Lie groups L appearing in Theorem 123 (i)
by [166] and for Sp(n, 1) by Julg [165].

The Injectivity Part of the Baum-Connes Conjecture

In this subsection we deal with injectivity results about the assembly map ap-
pearing in the Baum-Connes Conjecture 59. Recall that rational injectivity already
implies the Novikov Conjecture 52 (see Proposition 92) and the Homological Stable
Gromov-Lawson-Rosenberg Conjecture 101 (see Propositions 102 and 76).

127

Theorem 127:  (Rational Injectivity of the Baum-Connes Assembly Map.) The as-

sembly map appearing in the Baum-Connes Conjecture 59 is rationally injective

if G belongs to one of the classes of groups below.

(i) Groupsacting properlyisometrically on complete manifolds with non-positive
sectional curvature.

(ii) Discrete subgroups of Lie groups with finitely many path components.

(iii) Discrete subgroups of p-adic groups.

Proof The proof of assertions (i) and (ii) is due to Kasparov [171], the one of
assertion (iii) to Kasparov-Skandalis [172].
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A metric space (X, d) admits a uniform embedding into Hilbert space if there exist
a separable Hilbert space H, a map f: X — H and non-decreasing functions ¢,
and ¢, from [0,00) — R such that ¢;(d(x,y)) < |If(x) = f)| < e:(d(x,y))
for x,y € X and lim,_, o @i(r) = oo for i = 1,2. A metric is proper if for each
r > 0and x € X the closed ball of radius r centered at x is compact. The question
whether a discrete group G equipped with a proper left G-invariant metric d admits
a uniform embedding into Hilbert space is independent of the choice of d, since
the induced coarse structure does not depend on d [289, page 808]. For more
information about groups admitting a uniform embedding into Hilbert space we
refer to [87,140].

The class of finitely generated groups, which embed uniformly into Hilbert
space, contains a subclass A, which contains all word hyperbolic groups, finitely
generated discrete subgroups of connected Lie groups and finitely generated
amenable groups and is closed under semi-direct products [338, definition 2.1,
theorem 2.2 and proposition 2.6]. Gromov [138,139] has announced examples of
finitely generated groups which do not admit a uniform embedding into Hilbert
space. Details of the construction are described in Ghys [134].

The next theorem is proved by Skandalis-Tu-Yu [289, theorem 6.1] using ideas
of Higson [148].

Theorem 128: (Injectivity of the Baum-Connes Assembly Map.) Let Gbe a count-
able group. Suppose that G admits a G-invariant metric for which G admits a uni-
form embedding into Hilbert space. Then the assembly map appearing in the
Baum-Connes Conjecture with Coefficients 105 is injective.

We now discuss conditions which can be used to verify the assumption in Theo-
rem 128.

128

Remark 129: (Linear Groups.) A group G is called linear if it is a subgroup of
GL,(F) for some n and some field F. Guentner-Higson-Weinberger [140] show
that every countable linear group admits a uniform embedding into Hilbert space
and hence Theorem 128 applies.

129

Remark 130: (Groups Acting Amenably on a Compact Space.) A continuous ac-
tion of a discrete group G on a compact space X is called amenable if there exists
a sequence

pu: X — M'(G) = {f G— [O,I]IZf(g)=1}

geG

of weak-*-continuous maps such that for each ¢ € G one has

nlggo Su)l()Hg * (pn(x) _pn(g : x))Hl =0.
xe

130
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Note that a group G is amenable if and only if its action on the one-point-space is
amenable. More information about this notion can be found for instance in [5,6].

Higson-Roe [153, theorem 1.1 and proposition 2.3] show that a finitely gener-
ated group equipped with its word length metric admits an amenable action on
a compact metric space, if and only if it belongs to the class A defined in [338,
definition 2.1], and hence admits a uniform embedding into Hilbert space. Hence
Theorem 128 implies the result of Higson [148, theorem 1.1] that the assembly
map appearing in the Baum-Connes Conjecture with Coefficients 105 is injective
if G admits an amenable action on some compact space.

Word hyperbolic groups and the class of groups mentioned in Theorem 127 (ii)
fall under the class of groups admitting an amenable action on some compact
space [153, sect. 4].

131

Remark 131 Higson [148, theorem 5.2] shows that the assembly map appearing
in the Baum-Connes Conjecture with Coefficients 105 is injective if EG admits an
appropriate compactification. This is a C*-version of the result for K-and L-theory
due to Carlsson-Pedersen [55], compare Theorem 146.

132

Remark 132 We do not know whether the groups appearing in Theorem 127
and 128 satisfy the Baum-Connes Conjecture 59.

Next we discuss injectivity results about the classical assembly map for topological
K-theory.

The asymptotic dimension of a proper metric space X is the infimum over all
integers n such that for any R > 0 there exists a cover U of X with the property that
the diameter of the members of U is uniformly bounded and every ball of radius
R intersects at most (n + 1) elements of U (see [137, page 28]).

The next result is due to Yu [337].

133

Theorem 133: (The C*-Theoretic Novikov Conjecture and Groups of Finite
Asymptotic Dimension.) Let G be a group which possesses a finite model for BG
and has finite asymptotic dimension. Then the assembly map in the Baum-Connes
Conjecture 31

K,(BG) — K4(C;(G))

is injective for all n € Z.

The Coarse Baum-Connes Conjecture
The coarse Baum-Connes Conjecture was explained in Sect. 2.5.1. Recall the de-
scent principle (Proposition 109): if a countable group can be equipped with a G-
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invariant metric such that the resulting metric space satisfies the Coarse Baum-
Connes Conjecture, then the classical assembly map for topological K-theory is
injective.

Recall that a discrete metric space has bounded geometry if for each r > 0 there
exists a N(r) such that for all x the ball of radius N(r) centered at x € X contains
at most N(r) elements.

The next result is due to Yu [338, theorem 2.2 and proposition 2.6].

Theorem 134:  (Status of the Coarse Baum-Connes Conjecture.) — The Coarse
Baum-Connes Conjecture 108 is true for a discrete metric space X of bounded ge-
ometry if X admits a uniform embedding into Hilbert space. In particular a count-
able group G satisfies the Coarse Baum-Connes Conjecture 108 if G equipped with
a proper left G-invariant metric admits a uniform embedding into Hilbert space.

Also Yus Theorem 133 is proven via a corresponding result about the Coarse
Baum-Connes Conjecture.

Status of the Farrell-Jones Conjecture

Next we deal with the Farrell-Jones Conjecture.

The Fibered Farrell-Jones Conjecture

The Fibered Farrell-Jones Conjecture 113 was discussed in Sect. 2.5.2. Recall that it
has better inheritance properties (compare Sect. 2.6.4) and contains the ordinary
Farrell-Jones Conjecture 58 as a special case.

134

2.6.2

Theorem 135:  (Status of the Fibered Farrell-Jones Conjecture.)
(i) Let G be a discrete group which satisfies one of the following conditions.

(a) There is a Lie group L with finitely many path components and G is a co-
compact discrete subgroup of L.

(b) The group G is virtually torsionfree and acts properly discontinuously, co-
compactly and via isometries on a simply connected complete nonpositively
curved Riemannian manifold.

Then

(1) The version of the Fibered Farrell-Jones Conjecture 113 for the topological
and the differentiable pseudoisotopy functor is true for G.

(2) The version of the Fibered Farrell-Jones Conjecture 113 for K-theory and
R = Z is true for G in the range n < 1, i.e. the assembly map is bijective for
n<1I1.

Moreover we have the following statements.

(ii) The version of the Fibered Farrell-Jones Conjecture 113 for K-theory and
R = Zis true in the range n < 1 for braid groups.

(iii) The L-theoretic version of the Fibered Farrell-Jones Conjecture 113 with
R = Z holds after inverting 2 for elementary amenable groups.

135
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Proof (i) For assertion (1) see [111, theorem 2.1 on page 263], [111, proposition 2.3]
and [119, theorem A]. Assertion (2) follows from (1) by Remark 117.

(ii) See [119].

(iii) is proven in [117, theorem 5.2]. For crystallographic groups see also [333].

A surjectivity result about the Fibered Farrell-Jones Conjecture for Pseudoiso-
topies appears as the last statement in Theorem 139.

The rational comparison result between the K-theory and the pseudoisotopy
version (see Proposition 112) does not work in the fibered case, compare Re-
mark 117. However, in order to exploit the good inheritance properties one can
first use the pseudoisotopy functor in the fibered set-up, then specialize to the
unfibered situation and finally do the rational comparison to K-theory.

136

Remark 136 The version of the Fibered Farrell-Jones Conjecture 113 for L-theory
and R = Z seemstobe trueif G satisfies the condition (a) appearing in Theorem 135.
Farrell and Jones [111, remark 2.1.3 on page 263] say that they can also prove this
version without giving the details.

137

Remark 137 Let G be a virtually poly-cyclic group. Then it contains a maximal
normal finite subgroup N such that the quotient G/N is a discrete cocompact
subgroup of a Lie group with finitely many path components [331, theorem 3,
remark 4 on page 200]. Hence by Sect. 2.6.4 and Theorem 135 the version of the
Fibered Farrell-Jones Conjecture 113 for the topological and the differentiable
pseudoisotopy functor, and for K-theory and R = Z in the range n < 1, is true for
G. Earlier results of this type were treated for example in [100, 105].

The Farrell-Jones Conjecture
Here is a sample of some results one can deduce from Theorem 135.

138

Theorem 138: (The Farrell-Jones Conjecture and Subgroups of Lie groups.) Sup-

pose H is a subgroup of G, where G is a discrete cocompact subgroup of a Lie group

L with finitely many path components. Then

(i) The version of the Farrell-Jones Conjecture for K-theory and R = Z is true
for H rationally, i.e. the assembly map appearing in Conjecture 58 is an
isomorphism after applying — ®z Q.

(ii) The version of the Farrell-Jones Conjecture for K-theory and R = Z is true
for H in the range n < 1, i.e. the assembly map appearing in Conjecture 58 is
an isomorphism for n < 1.
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Proof The results follow from Theorem 135, since the Fibered Farrell-Jones Conjec-
ture 113 passes to subgroups [111, theorem A.8 on page 289] (compare Sect. 2.6.4)
and implies the Farrell-Jones Conjecture 58.

We now discuss results for torsion free groups. Recall that for R = Z the K-theoretic
Farrell-Jones Conjecture in dimensions < 1 together with the L-theoretic version
implies already the Borel Conjecture 27 in dimension > 5 (see Theorem 28).

A complete Riemannian manifold M is called A-regular if there exists a sequence
of positive real numbers Ay, A;, A;, ... such that | V'K|| < A,, where || V"K|| is the
supremum-norm of the #-th covariant derivative of the curvature tensor K. Every
locally symmetric space is A-regular since VK is identically zero. Obviously every
closed Riemannian manifold is A-regular.

Theorem 139: (Status of the Farrell-Jones Conjecture for Torsionfree Groups.)

Consider the following conditions for the group G.

(i) G = m (M) for a complete Riemannian manifold M with non-positive sec-
tional curvature which is A-regular.

(ii) G = m (M) for a closed Riemannian manifold M with non-positive sectional
curvature.

(iii) G = m (M) for a complete Riemannian manifold with negatively pinched
sectional curvature.

(iv) Gis a torsion free discrete subgroup of GL(n, R).

(v) Gisatorsion free solvable discrete subgroup of GL(n, C).

(vi) G = m(X) for a non-positively curved finite simplicial complex X.

(vii) Gis a strongly poly-free group in the sense of Aravinda-Farrell-Roushon [10,
definition 1.1]. The pure braid group satisfies this hypothesis.

Then

(1) Suppose that G satisfies one of the conditions (i) to (vii). Then the K-theoretic
Farrell-Jones Conjecture is true for R = Z in dimensions n < 1. In particular
Conjecture 3 holds for G.

(2) Suppose that G satisfies one of the conditions (i), (ii), (iii) or (iv). Then G
satisfies the Farrell-Jones Conjecture for Torsion Free Groups and L-theory 19
for R = Z.

(3) Suppose that G satisfies (ii). Then the Farrell-Jones Conjecture for Pseudoiso-
topies of Aspherical Spaces 110 holds for G.

(4) Suppose that G satisfies one of the conditions (i), (iii), or (iv). Then the as-
sembly map appearing in the version of the Fibered Farrell-Jones Conjecture
for Pseudoisotopies 113 is surjective, provided that the G-space Z appearing
in Conjecture 113 is connected.

Proof Note that (ii) is a special case of (i) because every closed Riemannian
manifold is A-regular. If M is a pinched negatively curved complete Riemannian

139
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manifold, then there is another Riemannian metric for which M is negatively
curved complete and A-regular. This fact is mentioned in [115, page 216] and
attributed there to Abresch [3] and Shi [285]. Hence also (iii) can be considered
as a special case of (i). The manifold M = G\GL(n,R)[O(n) is a non-positively
curved complete locally symmetric space and hence in particular A-regular. So (iv)
is a special case of (i).

Assertion (1) under the assumption (i) is proved by Farrell-Jones in [115,
proposition 0.10 and lemma 0.12]. The earlier work [110] treated the case (ii).
Under assumption (v) assertion (1) is proven by Farrell-Linnell [117, theorem 1.1].
The result under assumption (vi) is proved by Hu [156], under assumption (vii) it
is proved by Aravinda-Farrell-Roushon [10, theorem 1.3].

Assertion (2) under assumption (i) is proven by Farrell-Jones in [115]. The
case (ii) was treated earlier in [112].

Assertion (3) is proven by Farrell-Jones in [110] and assertion (4) by Jones
in [160].

140

Remark 140 As soon as certain collapsing results (compare [114], [116]) are ex-
tended to orbifolds, the results under (4) above would also apply to groups with
torsion and in particular to SL,(Z) for arbitrary n.

The Farrell-Jones Conjecture for Arbitrary Coefficients
The following result due to Bartels-Reich [21] deals with algebraic K-theory for
arbitrary coefficient rings R. It extends Bartels-Farrell-Jones-Reich [19].

141

Theorem 141 Suppose that G is the fundamental group of a closed Rieman-
nian manifold with negative sectional curvature. Then the K-theoretic part of the
Farrell-Jones Conjecture 58 is true for any ring R, i.e. the assembly map

Avyey: HS (Evey(G); Kg) — K,(RG)

is an isomorphism for all n € Z.

Note that the assumption implies that G is torsion free and hence the family VC¥Y
reduces to the family €Y C of cyclic subgroups. Recall that for a regular ring R the
theorem above implies that the classical assembly

A: H,(BG;K(R)) — K,(RG)
is an isomorphism, compare Proposition 66 (i).
Injectivity Part of the Farrell-Jones Conjecture

The next result about the classical K-theoretic assembly map is due to Bokstedt-
Hsiang-Madsen [38].
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Theorem 142:  (Rational Injectivity of the Classical K-Theoretic Assembly Map.)
Let G be a group such that the integral homology H;(BG; Z) is finitely generated
for each j € Z. Then the rationalized assembly map

A: Hy(BG;K(Z)) ®7 Q = HY (Eyy(G); Kz) @7 Q — K,(ZG) ®2 Q

is injective for all n € Z.

Because of the homological Chern character (see Remark 12) we obtain for the
groups treated in Theorem 142 an injection

P H.(BG;Q) ®q (Ki(Z) @2 Q) — K, (ZG) @2 Q . (2.28)
stt=n
Next we describe a generalization of Theorem 142 above from the trivial family
{1} to the family F{ N of finite subgroups due to Liick-Reich-Rognes-Varisco [208].
Let K7?": GROUPOIDS — SPECTRA be the connective version of the functor
Kz of (2.37). In particular H,(G/H; K™) is isomorphic to K,,(ZH) for n > 0 and
vanishes in negative dimensions. For a prime p we denote by Z, the p-adic integers.
Let K,,(R; Z,) denote the homotopy groups m,(K“"(R)7,) of the p-completion of
the connective K-theory spectrum of the ring R.

142

Theorem 143: (Rational Injectivity of the Farrell-Jones Assembly Map for Con-

nective K-theory.) Suppose that the group G satisfies the following two conditions:

(H) For each finite cyclic subgroup C € G and all j > 0 the integral homology
group H;(BZ;C; Z) of the centralizer Z;C of C in G is finitely generated.

(K) There exists a prime p such that for each finite cyclic subgroup C € G and
each j > 1 the map induced by the change of coefficients homomorphism

IQ(ZC: Zp) Rz Q - IQ(ZPC; Zp) Rz Q
is injective.
Then the rationalized assembly map
Avey: HS (Eyey(G; K™ @7 Q — K (ZG) ®7 Q

is an injection for all n € Z.

143

Remark 144 The methods of Chapter 2.9 apply also to K™ and yield under
assumption (H) and+(K) an injection

P P HBZCQ dqwee c - Ki(ZC) @2 Q
stt=n,t>0 (C)e(FCY)

— Kn(ZG) ®Z Q .

Notice that in the index set for the direct sum appearing in the source we require
t > 0. This reflects the fact that the result deals only with the connective K-

144
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theory spectrum. If one drops the restriction ¢ > 0 the Farrell-Jones Conjecture 58
predicts that the map is an isomorphism, compare Sect. 2.3.2 and Theorem 173. If
we restrict the injection to the direct sum given by C = 1, we rediscover the map
(2.28) whose injectivity follows already from Theorem 142.

The condition (K) appearing in Theorem 143 is conjectured to be true for all
primes p (compare [280,290] and [291]) but no proof is known. The weaker version
of condition (K), where Cis the trivial group is also needed in Theorem 142. But that
case is known to be true and hence does not appear in its formulation. The special
case of condition (K), where j = 1 is implied by the Leopoldt Conjecture for abelian
fields (compare [229, IX, § 3]), which is known to be true [229, theorem 10.3.16].
This leads to the following result.

145

Theorem 145:  (Rational Contribution of Finite Subgroups to Wh(G).) Let G be
a group. Suppose that for each finite cyclic subgroup C € G and each j < 4 the
integral homology group H;(BZ;C) of the centralizer ZgC of C in G is finitely
generated. Then the map

COlimHESubfl_N(G) Wh(H) (4 (@ — Wh(G) Xz Q .

is injective, compare Conjecture 81.

The result above should be compared to the result which is proven using Fuglede-
Kadison determinants in [209, sect. 5], [202, theorem 9.38 on page 354]: for every
(discrete) group G and every finite normal subgroup H € G the map Wh(H) ®z¢
Z — Wh(G) induced by the inclusion H — G is rationally injective.

The next result is taken from Rosenthal [271], where the techniques and results
of Carlsson-Pedersen [55] are extended from the trivial family {1} to the family of
finite subgroups FIN.

146

Theorem 146 Suppose there exists a model E for the classifying space Exyy (G)
which admits a metrizable compactification E to which the group action extends.
Suppose E" is contractible and EY! is dense in B for every finite subgroup H C G.
Suppose compact subsets of E become small near E — E. Then for every ring R the
assembly map

Agyn: HS(Ezyn(G); Kg) — Ku(RG)
is split injective.
A compact subset K C E is said to become small near E — E if for every neighbour-
hood U C E of a point x € E — E there exists a neighbourhood V C E such that

g € GandgKNV # @ implies gK C U. Presumably there is an analogous result for
L7°°)_theory under the assumption that K_,(RH) vanishes for finite subgroups H
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of G and n large enough. This would extend the corresponding result for the family
F = {1} which appears in Carlsson-Pedersen [55].

We finally discuss injectivity results about assembly maps for the trivial family.
The following result is due to Ferry—-Weinberger [129, corollary 2.3] extending
earlier work of Farrell-Hsiang [99].

Theorem 147 Suppose G = m;(M) for a complete Riemannian manifold of non-
positive sectional curvature. Then the L-theory assembly map

A: Hy,(BG;LY) — L (ZG)

is injective for € = h, s.

In fact Ferry-Weinberger also prove a corresponding splitting result for the classi-
cal A-theory assembly map. In [155] Hu shows that a finite complex of non-positive
curvature is a retract of a non-positively curved PL-manifold and concludes split
injectivity of the classical L-theoretic assembly map for R = Z.

The next result due to Bartels [17] is the algebraic K- and L-theory analogue of
Theorem 133.

147

Theorem 148: (The K-and L-Theoretic Novikov Conjecture and Groups of Finite
Asymptotic Dimension.) Let G be a group which admits a finite model for BG.
Suppose that G has finite asymptotic dimension. Then

(i) The assembly maps appearing in the Farrell-Jones Conjecture 11

A: H,(BG;K(R)) — K,(RG)

is injective for all n € Z.
(ii) If furthermore R carries an involution and K_;(R) vanishes for sufficiently
large j, then the assembly maps appearing in the Farrell-Jones Conjecture 19

A: Hy(BG; L™ (R)) — LI (RG)

is injective for all n € Z.

Further results related to the Farrell-Jones Conjecture 58 can be found for instance
in [9,33].

List of Groups Satisfying the Conjecture

In the following table we list prominent classes of groups and state whether they
are known to satisfy the Baum-Connes Conjecture 59 (with coefficients 105) or
the Farrell-Jones Conjecture 58 (fibered 113). Some of the classes are redundant.
A question mark means that the authors do not know about a corresponding result.
The reader should keep in mind that there may exist results of which the authors
are not aware.

148

2.6.3
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type of group

a-T-menable groups

amenable groups

elementary amen-
able groups

virtually poly-cyclic

torsion free virtu-
ally solvable sub-
groups of GL(#n, C)

discrete subgroups
of Lie groups with
finitely many path
components

subgroups of
groups which are
discrete  cocom-
pact subgroups of
Lie groups with
finitely many path
components

linear groups

arithmetic groups

torsion free dis-
crete subgroups of
GL(n,R)

Baum-Connes Con-
jecture 59 (with co-
efficients 105)

true with coeffi-
cients (see Theorem
120)

true with coeffi-
cients (see Theorem
120)

true with coeffi-
cients (see Theorem
120)

true with coeffi-
cients (see Theorem
120)

true with coeffi-
cients (see Theorem
120)

injectivity true (see
Theorem 128 and
Remark 130)

injectivity true (see
Theorem 128 and
Remark 130)

injectivity is true
(see Theorem 128
and Remark 129)

injectivity is true
(see Theorem 128
and Remark 129)

injectivity is true
(see Theorem 128
and Remark 130)

Farrell-Jones Con-
jecture 58 for K-the-
ory for R=Z(fibered
113)

?

true rationally, true
fibered in the range
n < 1 (compare Re-
mark 137)

true in the range <1
[117, theorem 1.1]

true rationally, true
fibered in the range
n < 1 (see Theorem
135)

truein therangen <
1 (see Theorem 139)

Farrell-Jones Conjec-
ture 58 for L-theory
for R=7 (fibered 113)

injectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

injectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

true fibered after in-
verting 2 (see Theo-
rem 135)

true fibered after in-
verting 2 (see Theo-
rem 135)

true fibered after in-
verting 2 [117, corol-
lary 5.3]

injectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

probably true fibered
(see Remark 136). In-
jectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

injectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

injectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

true (see Theorem
139)
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type of group

Groups with fi-
nite BG and finite
asymptotic dimen-
sion

G acts properly and
isometrically on a
complete Rieman-
nian manifold M
with non-positive
sectional curvature

m (M) for a com-
plete Riemannian
manifold M with
non-positive  sec-
tional curvature

m (M) for a com-
plete Riemannian
manifold M with
non-positive  sec-
tional curvature
which is A-regular

m (M) for a com-
plete Riemannian
manifold M with
pinched  negative
sectional curvature

(M) for a closed
Riemannian man-
ifold M with non-
positive  sectional
curvature

(M) for a closed
Riemannian mani-
fold M with negative
sectional curvature

Baum-Connes Con-
jecture 59 (with co-
efficients 105)

injectivity is true
(see Theorem 133)

rational injectivity is
true (see Theorem
127)

rationally injective
(see Theorem 127)

rationally injective
(see Theorem 127)

rational injectivityis
true (see Theorem
128)

rationally injective
(see Theorem 127)

true for all sub-
groups (see Theo-
rem 123)

Farrell-Jones Con-
jecture 58 for K-the-
ory for R=Z(fibered
113)

injectivity is true
for arbitrary coeffi-
cients R (see Theo-
rem 148)

?

truein therangen <
1, rationally surjec-
tive (see Theorem
139)

truein therangen <
1, rationally surjec-
tive (see Theorem
139)

true fibered in the
range n < 1, true
rationally (see The-
orem 139)

true for all coeffi-
cients R (see Theo-
rem 141)

Farrell-Jones Conjec-
ture 58 for L-theory
for R=7 (fibered 113)

injectivity is true for
regular R as coeffi-
cients (see Theorem
148)

rational  injectivity
is true (see Proposi-
tions 74 and 95)

injectivity true (see
Theorem 147)

true
(see Theorem 139)

true
(see Theorem 139)

true
(see Theorem 139)

true
(see Theorem 139)
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type of group Baum-Connes Con-  Farrell-Jones Con- Farrell-Jones Conjec-
jecture 59 (with co- jecture 58 for K- ture 58 for L-theory
efficients 105) theory and R = Z for R=Z (fibered 113)

(fibered 113)
word  hyperbolic true for all sub- ? injectivity is true
groups groups (see Theo- after inverting 2 (see

one-relator groups

torsion free one-
relator groups

Haken 3-manifold
groups (in particu-
lar knot groups)

SL(n,Z),n >3

Artin’s braid group
By,

rem 123). Unpub-
lished proof with co-
efficients by V. Laf-
forgue

true with coeffi-
cients (see Theorem
121)

true with coeffi-
cients (see Theorem
121)

true with coeffi-
cients (see Theorem
121)

injectivity is true

true with coeffi-
cients [225, theorem
5.25], [277]

rational injectivity is
true for the fibered
version (see [20])

true for R regular
[313, theorem 19.4
on page 249 and the-
orem 19.5 on page
250]

true in the range
n < 1 for R regular
[313, theorem 19.4
on page 249 and the-
orem 19.5 on page
250]

compare  Remark

140

true fibered in the
rangen < 1, true ra-
tionally [119]

Propositions 74 and
95)

injectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

true after inverting 2
[47, corollary 8]

true after inverting 2
[47, corollary 8]

injectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

injectivity is true af-
ter inverting 2 (see
Propositions 74 and
95)

purebraid group C, true with coeffi- trueintherangen < injectivity is true af-
cients 1 (see Theorem 139) ter inverting 2 (see
Propositions 74 and
95)
Thompson’s group true with coeffi- ? injectivity is true af-
cients [94] ter inverting 2 (see
Propositions 74 and
95)
149 Remark 149 The authors have no information about the status of these conjectures

for mapping class groups of higher genus or the group of outer automorphisms of
free groups. Since all of these spaces have finite models for Eg; v (G) Theorem 143
applies in these cases.
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Inheritance Properties

In this Subsection we list some inheritance properties of the various conjectures.

Directed Colimits
Let {G; | i € I} be a directed system of groups. Let G = colim;¢; G; be the colimit.
We do not require that the structure maps are injective. If the Fibered Farrell-Jones
Conjecture 113 is true for each G, then it is true for G [117, theorem 6.1].
Suppose that {G; | i € I} is a system of subgroups of G directed by inclusion such
that G = colim;¢; G;. If each G; satisfies the Farrell-Jones Conjecture 58, the Baum-
Connes Conjecture 59 or the Baum-Connes Conjecture with Coefficients 105, then
the same is true for G [32, theorem 1.1], [225, lemma 5.3]. We do not know
a reference in Farrell-Jones case. An argument in that case uses Lemma 63, the
fact that K,,(RG) = colim;¢; K,,(RG;) and that for suitable models we have E+ (G) =
Uer G %6 Exna;(G)).

Passing to Subgroups
The Baum-Connes Conjecture with Coefficients 105 and the Fibered Farrell-Jones
Conjecture 113 pass to subgroups, i.e. if they hold for G, then also for any subgroup
H C G. This claim for the Baum-Connes Conjecture with Coefficients 105 has been
stated in [28], a proof can be found for instance in [59, theorem 2.5]. For the Fibered
Farrell-Jones Conjecture this is proved in [111, theorem A.8 on page 289] for the
special case R = Z, but the proof also works for arbitrary rings R.

It is not known whether the Baum-Connes Conjecture 59 or the Farrell-Jones
Conjecture 58 itself passes to subgroups.

Extensions of Groups
Let p: G — K be a surjective group homomorphism. Suppose that the Baum-
Connes Conjecture with Coefficients 105 or the Fibered Farrell-Jones Conjec-
ture 113 respectively holds for K and for p~!(H) for any subgroup H C K which
is finite or virtually cyclic respectively. Then the Baum-Connes Conjecture with
Coefficients 105 or the Fibered Farrell-Jones Conjecture 113 respectively holds for
G. This is proved in [233, theorem 3.1] for the Baum-Connes Conjecture with Coef-
ficients 105, and in [111, proposition 2.2 on page 263] for the Fibered Farrell-Jones
Conjecture 113 in the case R = Z. The same proof works for arbitrary coefficient
rings.

It is not known whether the corresponding statement holds for the Baum-
Connes Conjecture 59 or the Farrell-Jones Conjecture 58 itself.

Let H C G be a normal subgroup of G. Suppose that H is a-T-menable. Then
G satisfies the Baum-Connes Conjecture with Coefficients 105 if and only if G/H
does [59, corollary 3.14]. The corresponding statement is not known for the Baum-
Connes Conjecture 59.

264
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Products of Groups

The group G; x G; satisfies the Baum-Connes Conjecture with Coefficients 105
if and only if both G; and G, do [59, theorem 3.17], [233, corollary 7.12]. The
corresponding statement is not known for the Baum-Connes Conjecture 59.

Let Dy = Z/2 % Z2 denote the infinite dihedral group. Whenever a version of
the Fibered Farrell-Jones Conjecture 113 is known for G = Z x Z, G = Z x D
and Dy, X Do, then that version of the Fibered Farrell-Jones Conjecture is true
for G; x G, if and only if it is true for G, and G,.

Subgroups of Finite Index

It is not known whether the Baum-Connes Conjecture 59, the Baum-Connes
Conjecture with Coefficients 105, the Farrell-Jones Conjecture 58 or the Fibered
Farrell-Jones Conjecture 113 is true for a group Gifit is true for asubgroup H C G
of finite index.

Groups Acting on Trees

Let G be a countable discrete group acting without inversion on a tree 7. Then
the Baum-Connes Conjecture with Coefficients 105 is true for G if and only if it
holds for all stabilizers of the vertices of T. This is proved by Oyono-Oyono [234,
theorem 1.1]. This implies that Baum-Connes Conjecture with Coefficients 105 is
stable under amalgamated products and HNN-extensions. Actions on trees in the
context the Farrell-Jones Conjecture 58 will be treated in [20].

Equivariant Homology Theories

We already defined the notion of a G-homology theoryin Sect. 2.3.1. If G-homology
theories for different G are linked via a so called induction structure one obtains
the notion of an equivariant homology theory. In this section we give a precise
definition and we explain how a functor from the orbit category Or(G) to the
category of spectra leads to a G-homology theory (see Proposition 156) and how
more generally a functor from the category of groupoids leads to an equivariant
homology theory (see Proposition 157). We then describe the main examples of
such spectra valued functors which were already used in order to formulate the
Farrell-Jones and the Baum-Connes Conjectures in Chapt. 2.3.

The Definition of an Equivariant Homology Theory

The notion of a G-homology theory #C with values in A-modules for a commu-
tative ring A was defined in Sect. 2.3.1. We now recall the axioms of an equivariant
homology theory from [201, sect. 1]. We will see in Sect. 2.7.3 that the G-homology
theories we used in the formulation of the Baum-Connes and the Farrell-Jones
Conjectures in Chapt. 2.3 are in fact the values at G of suitable equivariant homol-
ogy theories.
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Let a: H — G be a group homomorphism. Given a H-space X, define the
induction of X with o to be the G-space ind, X which is the quotient of G x X
by the right H-action (g,x) - h := (ga(h),h"'x) for h € H and (g,x) € G x X. If
a: H — Gis an inclusion, we also write indg instead of ind,.

An equivariant homology theory . with values in A-modules consists of a G-
homology theory #¢ with values in A-modules for each group G together with the
following so called induction structure: given a group homomorphisma: H - G
and a H-CW-pair (X, A) such that ker(a) acts freely on X, there are for each n € Z
natural isomorphisms

ind,: J¢H(X,A) > #C(inda(X, A))

satisfying the following conditions.

(i) Compatibility with the boundary homomorphisms
3% o ind, = ind, 0.

(ii) Functoriality
Let f: G — K be another group homomorphism such that ker(f o a) acts
freely on X. Then we have for n € Z

indgoq = #) (fi) oindgoind,: HL (X, A) — HX(indgoa(X, A)) ,

where f;: indgind, (X, A) > indgoq (X, A), (kg x) = (kB(g),x) is the nat-
ural K-homeomorphism.

(iii) Compatibility with conjugation
Forn € Z, g € G and a G-CW-pair (X, A) the homomorphism

indc(g): G—>G- anG(X,A) - J(nG(indc(g): G%G(X: A))
agrees with #C(f,), where the G-homeomorphism
fZ: (X)A) - indc(g): G%G(X)A)

sends x to (1,¢ 'x) and c(g): G — Gsends g’ to gg'g™".

This induction structure links the various homology theories for different groups G.
If the G-homology theory # is defined or considered only for proper G-CW-
pairs (X, A), we call it a proper G-homology theory FE with values in A-modules.

Example 150. Let K, be a homology theory for (non-equivariant) CW-pairs with

values in A-modules. Examples are singular homology, oriented
bordism theory or topological K-homology. Then we obtain two equivariant ho-
mology theories with values in A-modules, whose underlying G-homology theo-
ries for a group G are given by the following constructions

HO(X,A) = K.(G\X, G\A) ;

HE(X,A) = K, (EG x¢ (X,A)) .
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Example 151. Given a proper G-CW-pair (X, A), one can define the G-bordism

group Q¢(X, A) as the abelian group of G-bordism classes of maps
f: (M,0M) — (X, A) whose sources are oriented smooth manifolds with cocom-
pact orientation preserving proper smooth G-actions. The definition is analogous
to the onein the non-equivariant case. This is also true for the proof that this defines
a proper G-homology theory. There is an obvious induction structure coming from
induction of equivariant spaces. Thus we obtain an equivariant proper homology
theory Q7.

Example 152. Let A be a commutative ring and let
M: GROUPOIDS — A-MODULES
be a contravariant functor. For a group G we obtain a covariant functor
M€: Or(G) - A-MODULES

by its composition with the transport groupoid functor §° defined in (2.30).
Let HS(—; M) be the G-homology theory given by the Bredon homology with
coefficients in M© as defined in Example 64. There is an induction structure
such that the collection of the H(—; M) defines an equivariant homology theory
H?(—; M). This can be interpreted as the special case of Proposition 157, where the
covariant functor GROUPOIDS — Q-SPECTRA is the composition of M with
the functor sending a A-module to the associated Eilenberg-MacLane spectrum.

But there is also a purely algebraic construction.

The next lemma was used in the proof of the Transitivity Principle 65.

153

Lemma 153 Let #_ be an equivariant homology theory with values in A-modules.
Let G be a group and let ¥ a family of subgroups of G. Let Z be a G-CW-complex.
Consider N € Z U {oo}. For H C G let ¥ N H be the family of subgroups of H
given by {K N H | K € F}. Suppose for each H C G, which occurs as isotropy
group in Z, that the map induced by the projection pr: Ezny(H) — pt

H (pr): K (Exrn(H)) — H, (pt)

is bijective for all n € Z,n < N.
Then the map induced by the projection pr,: E#(G) x Z — Z

HE(pr,): HE(Ex(G) x Z) — HE(Z)

is bijective for n € Z,n < N.

Proof We first prove the claim for finite-dimensional G-CW-complexes by induc-
tion over d = dim(Z). The induction beginning dim(Z) = -1, i.e. Z = ¢}, is trivial.
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In the induction step from (d — 1) to d we choose a G-pushout

i), GIHi x 7' ————— Ziy

' l

]_[ield G/H; x Dt o 7z

If we cross it with Ex (G), we obtain another G-pushout of G-CW-complexes. The
various projections induce a map from the Mayer-Vietoris sequence of the latter G-
pushout to the Mayer-Vietoris sequence of the first G-pushout. By the Five-Lemma
it suffices to prove that the following maps

5 pry)s 37 (£ (@) x L] Gt 51) — st (] Gt 5) s

iGId iEId

HE(pr,): HE(Ex(G) X Zao1) — HI(Za1) 5

HC(pr,): HC (Eff(G) x | [ 6lH: x Dd> — HO (]_[ GJH; x Dd)

i€ly i€l

are bijective for n € Z,n < N. This follows from the induction hypothesis for the
first two maps. Because of the disjoint union axiom and G-homotopy invariance
of #! the claim follows for the third map if we can show for any H C G which
occurs as isotropy group in Z that the map

HE (pr,): HE(Ex(G) x GIH) — HC(G/H) (2.29)
is bijective for n € Z,n < N. The G-map
G xp resh Ex(G) — G[H x Ex(G) (g,x) > (gH, gx)

is a G-homeomorphism where res? denotes the restriction of the G-action to an
H-action. Obviously resg E#(G) is a model for Egng(H). We conclude from the
induction structure that the map (2.29) can be identified with the map

HE (pr): HE(Egnu(H)) — H(pt) ,

which is bijective for all n € Z, n < N by assumption. This finishes the proof in the
case that Z is finite-dimensional. The general case follows by a colimit argument
using Lemma 63.

Constructing Equivariant Homology Theories

Recall that a (non-equivariant) spectrum yields an associated (non-equivariant)
homology theory. In this section we explain how a spectrum over the orbit category
of a group G defines a G-homology theory. We would like to stress that our
approach using spectra over the orbit category should be distinguished from

2.7.2
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approaches to equivariant homology theories using spectra with G-action or the
more complicated notion of G-equivariant spectra in the sense of [190], see for
example [53] for a survey. The latter approach leads to a much richer structure but
only works for compact Lie groups.

We briefly fix some conventions concerning spectra. We always work in
the very convenient category SPACES of compactly generated spaces (see [295],

[330, 1.4]). In that category the adjunction homeomorphism map(X x Y,Z) —
map(X, map(Y, Z)) holds without any further assumptions such as local compact-
ness and the product of two CW-complexes is again a CW-complex. Let SPACES™
be the category of pointed compactly generated spaces. Here the objects are (com-
pactly generated) spaces X with base points for which the inclusion of the base
point is a cofibration. Morphisms are pointed maps. If X is a space, denote by X,
the pointed space obtained from X by adding a disjoint base point. For two pointed
spaces X = (X,x) and Y = (Y, y) define their smash product as the pointed space

XAY=XxY|({x}x YUX x {y}),
and the reduced cone as
cone(X) = X x [O,l]/(X x {1} U {x} x [0, 1]) .

AspectrumE = {(E(n),0(n)) | n € Z}isasequence of pointed spaces {E(n) | n €
Z} together with pointed maps called structure maps o(n): E(n) A S — E(n+1).
A map of spectra f: E — E' is a sequence of maps f(n): E(n) — E'(n) which are
compatible with the structure maps o(n), i.e. we have f(n+ 1) o 0(n) = ¢’(n) o
(f(n) Aidg) for all n € Z. Maps of spectra are sometimes called functions in the
literature, they should not be confused with the notion of a map of spectra in the
stable category (see [4, II1.2.]). The category of spectra and maps will be denoted
SPECTRA. Recall that the homotopy groups of a spectrum are defined by

m;(E) = colimy_, o 11k (E(K)) ,

where the system ;. (E(k)) is given by the composition

ik (B() > it (E) A 8Y) “8 i (B(k + 1))

of the suspension homomorphism S and the homomorphism induced by the
structure map. A weak equivalence of spectra is a map f: E — F of spectra
inducing an isomorphism on all homotopy groups.

Given a spectrum E and a pointed space X, we can define their smash product
X AEby (X A E)(n) := X A E(n) with the obvious structure maps. It is a classical
result that a spectrum E defines a homology theory by setting

H,(X,A;E) = 1, ((X; U, cone(Ay)) AE) .

We want to extend this to G-homology theories. This requires the consideration
of spaces and spectra over the orbit category. Our presentation follows [82], where
more details can be found.
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In the sequel C is a small category. Our main example is the orbit category
O71(G), whose objects are homogeneous G-spaces G/H and whose morphisms are
G-maps.

Definition 154 A covariant (contravariant) C-space X is a covariant (contravariant)
functor

X: C — SPACES.

A map between C-spaces is a natural transformation of such functors. Analogously
a pointed C-space is a functor from € to SPACES™ and a C-spectrum a functor to
SPECTRA.

Example 155. Let Y be aleft G-space. Define the associated contravariant Or(G)-
space map(—, Y) by

map,(—,Y): Or(G) — SPACES, G/H + map.(G/H,Y) = Y" .

If Y is pointed then map(—, Y) takes values in pointed spaces.

Let X be a contravariant and Y be a covariant C-space. Define their balanced
product to be the space

XxeVi= [] X0 xY(@)~,
ceob(C)

where ~ is the equivalence relation generated by (x¢, y) ~ (x, ¢y) for all morphisms
¢: ¢ — din C and points x € X(d) and y € Y(c). Here x¢ stands for X(¢)(x) and
¢y for Y(¢)(y). If X and Y are pointed, then one defines analogously their balanced
smash product to be the pointed space

XAeY = \/ X)) AY()]~ .
ceob(C)

In [82] the notation X ®¢ Y was used for this space. Doing the same construction
level-wise one defines the balanced smash product X A¢ E of a contravariant pointed
C-space and a covariant C-spectrum E.

The proof of the next result is analogous to the non-equivariant case. Details
can be found in [82, lemma 4.4], where also cohomology theories are treated.

154

Proposition 156: (Constructing G-Homology Theories.) Let E be a covariant
Ot(G)-spectrum. It defines a G-homology theory HY(—; E) by

HnG(X,A; E) = nn(mapG(—, (X4 Uga, cone(A+))) AOT(G) E) .
In particular we have

HY(G|H;E) = m,(E(G/H)) .

156
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Recall that we seek an equivariant homology theory and not only a G-homology
theory.Ifthe Or(G)-spectrum in Proposition 156 is obtained froma GROUPOIDS-
spectrum in a way we will now describe, then automatically we obtain the desired
induction structure.

Let GROUPOIDS be the category of small groupoids with covariant functors
as morphisms. Recall that a groupoid is a category in which all morphisms are
isomorphisms. A covariant functor f: 4o — 4, of groupoids is called injective, if
for any two objects x,y in o the induced map morg,(x,y) — morg, (f(x),f(y))
is injective. Let GROUPOIDS™ be the subcategory of GROUPOIDS with the
same objects and injective functors as morphisms. For a G-set S we denote by
65(S) its associated transport groupoid. Its objects are the elements of S. The set
of morphisms from s, to s, consists of those elements ¢ € G which satisfy gsp = s.
Composition in §°(S) comes from the multiplication in G. Thus we obtain for
a group G a covariant functor

6%: Or(G) - GROUPOIDS™, GJH — °(GJH) . (2.30)

A functor of small categories F: € — O is called an equivalence if there exists
a functor G: & — C such that both F o G and G o F are naturally equivalent to
the identity functor. This is equivalent to the condition that F induces a bijection
on the set of isomorphisms classes of objects and for any objects x,y € C the map
more(x,y) = morg(F(x), F(y)) induced by F is bijective.

157

Proposition 157:  (Constructing Equivariant Homology Theories.) Consider a co-
variant GROUPOIDS™-spectrum

E: GROUPOIDS™ — SPECTRA .

Suppose that E respects equivalences, i.e. it sends an equivalence of groupoids to
a weak equivalence of spectra. Then E defines an equivariant homology theory
H!(—;E), whose underlying G-homology theory for a group G is the G-homology
theory associated to the covariant Or(G)-spectrum E o 6%: Or(G) — SPECTRA
in the previous Proposition 156, i.e.

HS(X,A;E) = HS(X,A;E0 °) .
In particular we have
H}(G[H;E) = H(pt. E) = m,(B(I(H))) ,

where I(H) denotes H considered as a groupoid with one object. The whole con-
struction is natural in E.

Proof We have to specify the induction structure for ahomomorphisma: H — G.
We only sketch the construction in the special case where « is injective and A = ¢.
The details of the full proof can be found in [276, theorem 2.10 on page 21].
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The functor induced by a on the orbit categories is denoted in the same way
a: Or(H) — Or(G), HJL+> indy(H|L) = Gla(L) .
There is an obvious natural equivalence of functors Or(H) — GROUPOIDS™
T: 6" - g0 a.

Its evaluation at HJL is the equivalence of groupoids ¢(H|L) — 4%(GJa(L))
which sends an object hL to the object a(h)ax(L) and a morphism given by h € H
to the morphism a(h) € G. The desired isomorphism

ind,: H(X;E 0 ") — H%(ind, X;E 0 §°)
is induced by the following map of spectra

id AE(T)
mapH(—,X+) ANOr(H) Eo 9H — mapH(—,X+) AOr(H) Eo 90 oa

<i (ay mapH(—,X+)) Nor) Eo g,G <i mapG(—, ind, X,) AOT(G) Eo g,G .

Here o, mapy(—,X,) is the pointed Or(G)-space which is obtained from the
pointed Or(H)-space mapy (—, X, ) by induction, i.e. by taking the balanced prod-
uct over Or(H) with the Or(H)-Or(G) bimodule moro ) (77, a(?)) [82, defini-
tion 1.8]. Notice that Eo ¢ o a is the same as the restriction of the Or(G)-spectrum
E o ¢ along a which is often denoted by a*(E o §°) in the literature [82, defini-
tion 1.8]. The second map is given by the adjunction homeomorphism of induction
o, and restriction a* (see [82, lemma 1.9]). The third map is the homeomor-
phism of Or(G)-spaces which is the adjoint of the obvious map of Or(H)-spaces
mapy (-, Xy) = a* map;(—,ind, X,) whose evaluation at H/L is given by ind,.

K- and L-theory Spectra over Groupoids

Let RINGS be the category of associative rings with unit. An involution on a R is
amapR — R, r > Fsatisfying1 = I, x+y=x+yandx-y=7-xforallx,y € R.
Let RINGS™ be the category of rings with involution. Let C*-ALGEBRAS be the
category of C*-algebras. There are classical functors forj € —co LI {j € Z | j < 2}

K: RINGS — SPECTRA ; (2.31)
LY : RINGS™ — SPECTRA ; (2.32)
K'"P: C*-ALGEBRAS — SPECTRA . (2.33)

The construction of such a non-connective algebraic K-theory functor goes back to
Gersten [133] and Wagoner [312]. The spectrum for quadratic algebraic L-theory
is constructed by Ranicki in [258]. In a more geometric formulation it goes back to
Quinn [250]. In the topological K-theory case a construction using Bott periodicity
for C*-algebras can easily be derived from the Kuiper-Mingo Theorem (see [281,

2.7.3



798 Wolfgang Liick, Holger Reich

sect. 2.2]). The homotopy groups of these spectra give the algebraic K-groups of
Quillen (in high dimensions) and of Bass (in negative dimensions), the decorated
quadratic L-theory groups, and the topological K-groups of C*-algebras.

We emphasize again that in all three cases we need the non-connective versions
of the spectra, i.e. the homotopy groups in negative dimensions are non-trivial in
general. For example the version of the Farrell-Jones Conjecture where one uses
connective K-theory spectra is definitely false in general, compare Remark 15.

Now let us fix a coefficient ring R (with involution). Then sending a group
G to the group ring RG yields functors R(—): GROUPS — RINGS, respec-
tively R(-): GROUPS — RINGS™, where GROUPS denotes the category of
groups. Let GROUPS™ be the category of groups with injective group homo-
morphisms as morphisms. Taking the reduced group C*-algebra defines a functor
C*: GROUPS™ — C*-ALGEBRAS. The composition of these functors with the
functors (2.31), (2.32) and (2.33) above yields functors

KR(-): GROUPS — SPECTRA ; (2.34)
LYR(-): GROUPS — SPECTRA ; (2.35)
K'PC*(~): GROUPS™ — SPECTRA . (2.36)

They satisfy
,(KR(G)) = K, (RG) 5
m,(LYR(G)) = LY (RG) 5

m.(K'PC}(G)) = Ku(C}(G))

for all groups G and n € Z. The next result essentially says that these functors can
be extended to groupoids.

158

Theorem 158: (K- and L-theory Spectra over Groupoids.) Let R be a ring (with
involution). There exist covariant functors

Kz: GROUPOIDS — SPECTRA ; (2.37)
LY: GROUPOIDS — SPECTRA ; (2.38)
K': GROUPOIDS™ — SPECTRA (2.39)

with the following properties:

(i) IfF: §o — $ isanequivalence of (small) groupoids, then the induced maps
Ki(F), LI@ (F) and K'"P(F) are weak equivalences of spectra.

(ii) Let I: GROUPS — GROUPOIDS be the functor sending G to G con-
sidered as a groupoid, i.e. to §°(G/G). This functor restricts to a functor
GROUPS™ — GROUPOIDS™.
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There are natural transformations from KR(-) to Ky o I, from LY R(-) to
LI(Q’> o I and from KC}(—) to K'P o I such that the evaluation of each of these
natural transformations at a given group is an equivalence of spectra.

(iii) For every group G and all n € Z we have

1,(Kg 0 I(G)) = K,(RG) ;
(LY o I™(G)) = LY(RG) ;

m,(K'P 0 I(G)) = K, (C/(G)) .

Proof We only sketch the strategy of the proof. More details can be found in [82,
sect. 2].

Let § be a groupoid. Similar to the group ring RG one can define an R-linear cat-
egory R4, by taking the free R-modules over the morphism sets of §. Composition
of morphisms is extended R-linearly. By formally adding finite direct sums one ob-
tains an additive category R q. Pedersen-Weibel [237] (compare also [51]) define
anon-connective algebraic K-theory functor which digests additive categories and
can hence be applied to RGg. For the comparison result one uses that for every ring
R (in particular for RG) the Pedersen-Weibel functor applied to Rg (a small model
for the category of finitely generated free R-modules) yields the non-connective
K-theory of the ring R and that it sends equivalences of additive categories to equiv-
alences of spectra. In the L-theory case R4 inherits an involution and one applies
the construction of [258, example 13.6 on page 139] to obtain the L") = L"-version.
The versions for j < 1 can be obtained by a construction which is analogous to the
Pedersen-Weibel construction for K-theory, compare [55, sect. 4]. In the C*-case
one obtains from § a C*-category C*(4) and assigns to it its topological K-theory
spectrum. There is a construction of the topological K-theory spectrum of a C*-
category in [82, sect. 2]. However, the construction given there depends on two
statements, which appeared in [130, proposition 1 and proposition 3], and those
statements are incorrect, as already pointed out by Thomason in [302]. The con-
struction in [82, sect. 2] can easily be fixed but instead we recommend the reader
to look at the more recent construction of Joachim [159].

Assembly Maps in Terms of Homotopy Colimits

In this section we describe a homotopy-theoretic formulation of the Baum-Connes
and Farrell-Jones Conjectures. For the classical assembly maps which in our set-up
correspond to the trivial family such formulations were described in [328].

For a group G and a family # of subgroups we denote by Or ¢ (G) the restricted
orbit category. Its objects are homogeneous spaces G/H with H € ¥. Morphisms
are G-maps. If ¥ = ALL we get back the (full) orbit category, i.e. Or(G) =
OT4££(G).
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159

Meta-Conjecture 159: (Homotopy-Theoretic Isomorphism Conjecture.) Let G be
a group and ¥ a family of subgroups. Let E: Or(G) — SPECTRA be a covariant
functor. Then

Ag: hocolimor, () Elory () = hocolimo. ) E =~ E(G/G)

is a weak equivalence of spectra.

Here hocolim is the homotopy colimit of a covariant functor to spectra, which
is itself a spectrum. The map A is induced by the obvious functor Or#(G) —
Or(G). The equivalence hocolimor(g) E >~ E(G/G) comes from the fact that G/G
is a final object in Or(G). For information about homotopy-colimits we refer
to [40], [82, sect. 3] and [88].

160

Remark 160 If we consider the map on homotopy groups that is induced by the map
Ag which appears in the Homotopy-Theoretic Isomorphism Conjecture above,
then we obtain precisely the map with the same name in Meta-Conjecture 57 for
the homology theory H(—; E) associated with E in Proposition 156, compare [82,
sect. 5]. In particular the Baum-Connes Conjecture 59 and the Farrell-Jones Con-
jecture 58 can be seen as special cases of Meta-Conjecture 159.

161

2.7.5

Remark 161: (Universal Property of the Homotopy-Theoretic Assembly Map.)
The Homotopy-Theoretic Isomorphism Conjecture 159 is in some sense the most
conceptual formulation of an Isomorphism Conjecture because it has a univer-
sal property as the universal approximation from the left by a (weakly) excisive
F -homotopy invariant functor. This is explained in detail in [82, sect. 6]. This
universal property is important if one wants to identify different models for the
assembly map, compare e.g. [19, sect. 6] and [142].

Naturality under Induction

Consider a covariant functor E: GROUPOIDS — SPECTRA which respects
equivalences. Let H’(—;E) be the associated equivariant homology theory (see
Proposition 157). Then for a group homomorphism a: H — G and H-CW-pair
(X, A) we obtain a homomorphism

ind, : H(X, A;E) — HS(ind, (X, A); E)

which is natural in (X, A). Note that we did not assume that ker(a) acts freely on X.
In fact the construction sketched in the proof of Proposition 157 still works even
though ind, may not be an isomorphism as it is the case if ker(«) acts freely. We
still have functoriality as described in 2.7.1 towards the beginning of Sect. 2.7.1.
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Now suppose that # and § are families of subgroups for H and G such that
a(K) € ¢ holds for all K € J¢. Then we obtain a G-map f: indy Ex(H) —
Eg(G) from the universal property of Eq(G). Let p: ind, pt = GJa(H) — pt be
the projection. Let I: GROUPS — GROUPOIDS be the functor sending G to
69(G/G). Then the following diagram, where the horizontal arrows are induced
from the projections to the one point space, commutes for all n € Z.

Age
HY(Ex(H);E) —— HH(ptE) = m,(E(I(H)))

HY(f)oindy l l HE (p)oindg =1, (E(I(x)))

HS(E¢(G);E) —— HS(p;E) = m,(E((G))) .
Ag

If we take the special case E = Kz and # = § = VCY, we get the following
commutative diagram, where the horizontal maps are the assembly maps appearing
in the Farrell-Jones Conjecture 58 and a, is the change of rings homomorphism
(induction) associated to a.

Avyey
HY(Eyey(H);Kg) ———> K,(RH)

HY(f)oindg i l ay

HS(Eyey(G);Kr) ————> Ku(RG).
Avyey

We see that we can define a kind of induction homomorphism on the source of the
assembly maps which is compatible with the induction structure given on their
target. We get analogous diagrams for the L-theoretic version of the Farrell-Jones-
Isomorphism Conjecture 58, for the Bost Conjecture 104 and for the Baum-Connes
Conjecture for maximal group C*-algebras (see (2.22) in Sect. 2.5.1).

Remark 162 The situation for the Baum-Connes Conjecture 59 itself, where one
has to work with reduced C*-algebras, is more complicated. Recall that not ev-
ery group homomorphism a: H — G induces a homomorphisms of C*-algebras
Ci(H) — C!(G). (It does if ker(a) is finite.) But it turns out that the source
H!(Egzyx(H); K'P) always admits such a homomorphism. The point is that the
isotropy groups of Egyy(H) are all finite and the spectra-valued functor K'"P
extends from GROUPOIDS™ to the category GROUPOIDSH ™, which has
small groupoids as objects but as morphisms only those functors f: g9 — %
with finite kernels (in the sense that for each object x € §, the group homo-
morphism autg,(x) — autg, (f(x)) has finite kernel). This is enough to get for
any group homomorphism a: H — G an induced map ind,: HY (X, A;K'P) —

162
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HS(ind, (X, A); K'°P) provided that X is proper. Hence one can define an induction
homomorphism for the source of the assembly map as above.

In particular the Baum-Connes Conjecture 59 predicts that for any group ho-
momorphism a: H — G there is an induced induction homomorphism a,:
K,(C(H)) — K,(C:(G)) on the targets of the assembly maps although there is no
induced homomorphism of C*-algebras C;(H) — C;(G) in general.

Methods of Proof

2.8.1

In Chapt. 2.3, we formulated the Baum-Connes Conjecture 58 and the Farrell-Jones
Conjecture 59 in abstract homological terms. We have seen that this formulation
was very useful in order to understand formal properties of assembly maps. But in
order to actually prove cases of the conjectures one needs to interpret the assembly
maps in a way that is more directly related to geometry or analysis. In this chapter
we wish to explain such approaches to the assembly maps. We briefly survey some
of the methods of proof that are used to attack the Baum-Connes Conjecture 59
and the Farrell-Jones Conjecture 58.

Analytic Equivariant K-Homology

Recall that the covariant functor K : GROUPOIDS™ — SPECTRA introduced
in (2.39) defines an equivariant homology theory H’(—;K'P) in the sense of
Sect. 2.7.1 such that

R(H) forevenn;

0 foroddn,

HS(G[H; K*P) = H (pt; K'P) =

holds for all groups G and subgroups H C G (see Proposition 157). Next we want
to give for a proper G-CW-complex X an analytic definition of HS (X; K'P).
Consider a locally compact proper G-space X. Recall that a G-space X is called
proper if for each pair of points x and y in X there are open neighborhoods V, of
x and W, of y in X such that the subset {g € G | gV, N W, # @} of G is finite.
A G-CW-complex X is proper if and only if all its isotropy groups are finite [197,
theorem 1.23]. Let Cy(X) be the C*-algebra of continuous functions f: X — C
which vanish at infinity. The C*-norm is the supremum norm. A generalized elliptic
G-operator is a triple (U, g, F), which consists of a unitary representation U: G —
B(H) of G on a Hilbert space H, a *-representation ¢: Cyo(X) — B(H) such that
o(f o lp1) = U(g) o (f) o U(g)™! holds for g € G, and a bounded selfadjoint G-
operator F: H — H such that the operators o(f)(F? — 1) and [¢(f), F] are compact
for all f € Cy(X). Here B(H) is the C*-algebra of bounded operators H — H,
lo1: H — His given by multiplication with g', and [¢(f), F] = o(f) o F — F o o(f).
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We also call such a triple (U, ¢, F) an odd cycle. If we additionally assume that
H comes with a Z2-grading such that ¢ preserves the grading if we equip Cy(X)
with the trivial grading, and F reverses it, then we call (U, ¢, F) an even cycle. This
means that we have an orthogonal decomposition H = Hy @ H; such that U, ¢ and

Flook like
U= U() 0 o= (%] 0 F= 0P )
0 U 0 o P o

Animportant example of an even cocycle is described in Sect. 2.8.5. A cycle (U, ¢, f)
is called degenerate, if for each f € Cy(X) we have [o(f),F] = o(f)(F* — 1) = 0.
Two cycles (U, o, Fy) and (Uy, @1, F;) of the same parity are called homotopic,
if Uy = Uy, go = @1 and there exists a norm continuous path F;,t € [0,1] in
B(H) such that for each t € [0, 1] the triple (Up, go, F;) is again a cycle of the
same parity. Two cycles (Uy, g0, Fo) and (Uy, @1, Fy) are called equivalent, if they
become homotopic after taking the direct sum with degenerate cycles of the same
parity. Let KY(Cy(X)) for even n be the set of equivalence classes of even cycles
and KZ(Cy(X)) for odd n be the set of equivalence classes of odd cycles. These
become abelian groups by the direct sum. The neutral element is represented by
any degenerate cycle. The inverse of an even cycle is represented by the cycle
obtained by reversing the grading of H. The inverse of an odd cycle (U, ¢, F) is
represented by (U, ¢, —F).

Aproper G-mapf: X — Yinducesamap of C*-algebras Cy(f): Co(Y) — Co(X)
by composition and thus in the obvious way a homomorphism of abelian groups
K§(f): KE(Co(X)) — K§(Co(Y)). It depends only on the proper G-homotopy
class of f. One can show that this construction defines a G-homology theory on
the category of finite proper G-CW-complexes. It extends to a G-homology theory
K¢ for all proper G-CW-complexes by

KS(X) = colimyjx) KS(Co(Y)) , (2.40)

where I(X) is the set of proper finite G-CW-subcomplexes Y C X directed by
inclusion. This definition is forced upon us by Lemma 63. The groups K¢(X)
and K¢(Cy(X)) agree for finite proper G-CW-complexes, in general they are
different.

The cycles were introduced by Atiyah [11]. The equivalence relation, the group
structure and the homological properties of K¥(X) were established by Kas-
parov[168]. More information about analytic K-homology can be found in Higson-
Roe [154].

The Analytic Assembly Map
For for every G-CW-complex X the projection pr: X — pt induces a map

HEY(X;K'P) — HY(pt; K'P) = K, (C*(G)) . (2.41)

2.8.2
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In the case where X is the proper G-space E#;x(G) we obtain the assembly map
appearing in the Baum-Connes Conjecture 59. We explain its analytic analogue

indg: K¢(X) — K,(CG)) . (2.42)

Note that we need to assume that X is a proper G-space since K¢ (X) was only defined
for such spaces. It suffices to define the map for a finite proper G-CW-complex X.
In this case it assigns to the class in KHG (X) = KHG (Co(X)) represented by a cycle
(U, ¢, F) its G-index in K,(C?(G)) in the sense of Mishencko-Fomenko [223].
At least in the simple case, where G is finite, we can give its precise definition.
The odd K-groups vanish in this case and Ky(C;(G)) reduces to the complex
representation ring R(G). If we write F in matrix form as in (2.8.1) then P: H —
H is a G-equivariant Fredholm operator. Hence its kernel and cokernel are G-
representations and the G-index of F is defined as [ker(P)] — [coker(P)] € R(G).
In the case of an infinite group the kernel and cokernel are a priori not finitely
generated projective modules over C’(G), but they are after a certain pertubation.
Moreover the choice of the pertubation does not affect [ker(P)] — [coker(P)] €
Ko(CH(G)).

The identification of the two assembly maps (2.41) and (2.42) has been carried
out in Hambleton-Pedersen [142] using the universal characterization of the as-
sembly map explained in [82, sect. 6]. In particular for a proper G-CW-complex X
we have an identification HS(X; K'P) = K¢(X). Notice that HY (X; K'P) is defined
for all G-CW-complexes, whereas K¢(X) has only been introduced for proper
G-CW-complexes.

Thus the Baum-Connes Conjecture 59 gives an index-theoretic interpretations
of elements in Ky(C?(G)) as generalized elliptic operators or cycles (U, g, F). We
have explained already in Sect. 2.2.8 an application of this interpretation to the
Trace Conjecture for Torsionfree Groups 37 and in Sect. 2.4.3 to the Stable Gromov-
Lawson-Rosenberg Conjecture 99.

Equivariant KK-Theory

Kasparov [170] developed equivariant KK-theory, which we will briefly explain
next. It is one of the basic tools in the proofs of theorems about the Baum-Connes
Conjecture 59.

A G-C*-algebra A is a C*-algebra with a G-action by *x-automorphisms. To any
pair of separable G-C*-algebras (A, B) Kasparov assigns abelian groups KK$ (A, B).
If G is trivial, we write briefly KK, (A, B). We do not give the rather complicated
definition but state the main properties.

If we equip C with the trivial G-action, then KKY(Cy(X), C) reduces to the
abelian group K¢ (Cy(X)) introduced in Sect. 2.8.1. The topological K-theory K,,(A)
of a C*-algebra coincides with KK;,(C, A). The equivariant KK -groups are covariant
in the second and contravariant in the first variable under homomorphism of C*-
algebras. One of the main features is the bilinear Kasparov product

KK{ (A, B) x KK{(B, C) > KKi1j(A,C), (a,5) —> a®pf. (2.43)
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It is associative and natural. A homomorphism a: A — B defines an element in
KKy (A, B). There are natural descent homomorphisms

jg: KKS(A,B) — KK,(A x, G,B %, G), (2.44)

where A X, G and B X, G denote the reduced crossed product C*-algebras.

The Dirac-Dual Dirac Method

A G-C*-algebra A is called proper if there exists alocally compact proper G-space X
and a G-homomorphism o: Cy(X) — B(A), f > oy satisfying oy(ab) = aoy(b) =
of(a)b for f € Cy(X), a,b € A and for every net {f; | i € I}, which converges
to 1 uniformly on compact subsets of X, we have limje; || 05(a) —a ||= 0 for all
a € A. A locally compact G-space X is proper if and only if Cy(X) is proper as
a G-C*-algebra.

Given a proper G-CW-complex X and a G-C*-algebra A, we put

KKS(X; A) = colimy¢x) KKS(Cy(Y), A) , (2.45)

where I(Y) is the set of proper finite G-CW-subcomplexes Y C X directed by
inclusion. We have KKnG (X;C) = KS(X). There is an analytic index map

ind%: KKS(X;A) — K, (A %, G), (2.46)

which can be identified with the assembly map appearing in the Baum-Connes
Conjecture with Coefficients 105. The following result is proved in Tu [305] ex-
tending results of Kasparov-Skandalis [169,172].

284

Theorem 163 The Baum-Connes Conjecture with coefficients 105 holds for
a proper G-C*-algebra A, i.e. ind‘é: KKY(Egyx(G);A) — K,(A x G) is bijective.

Now we are ready to state the Dirac-dual Dirac method which is the key strategy
in many of the proofs of the Baum-Connes Conjecture 59 or the Baum-Connes
Conjecture with coefficients 105.

163

Theorem 164: (Dirac-Dual Dirac Method.) Let G be a countable (discrete) group.
Suppose that there exist a proper G-C*-algebra A, elements a € KK¢(A, C), called
the Dirac element, and 8 € KKI.G(C,A), called the dual Dirac element, satisfying

BRaa=1 eKKJ(C,C).

Then the Baum-Connes Conjecture 59 is true, or, equivalently, the analytic index
map

indg: K9(X) — K(C*(G))

of 2.42 is bijective.

164
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Proof The index map indg is a retract of the bijective index map ind{ from
Theorem 163. This follows from the following commutative diagram

-Qcp —-®aa
K (Epin(G)) — KK (Egan(G);A) —— K{(Eriy(G)
l indg l/ indé \L indg
~®cx(6)ic(P) -®Axric(a)

Ky (CHG) ——— Ku(Ax,G) ——— K,(CI(G))

and the fact that the composition of both the top upper horizontal arrows and
lower upper horizontal arrows are bijective.

An Example of a Dirac Element

In order to give a glimpse of the basic ideas from operator theory we briefly
describe how to define the Dirac element « in the case where G acts by isometries
on a complete Riemannian manifold M. Let TcM be the complexified tangent
bundle and let Cliff(Tc M) be the associated Clifford bundle. Let A be the proper
G-C*-algebra given by the sections of Cliff(TcM) which vanish at infinity. Let H
be the Hilbert space Lz(/\TéM ) of L*-integrable differential forms on TcM with
the obvious Z/2-grading coming from even and odd forms. Let U be the obvious
G-representation on H coming from the G-action on M. For a 1-form @ on M and
u € H define a x-homomorphism ¢: A — B(H) by

Co(U) == A u+iy(u) .

Now D = (d + d*) is a symmetric densely defined operator H — H and defines
a bounded selfadjoint operator F: H — H by putting F = \/1??. Then (U, ¢, F)
is an even cocycle and defines an element a € K(? (M) = KK(? (Co(M), C). More
details of this construction and the construction of the dual Dirac element  under
the assumption that M has non-positive curvature and is simply connected, can

be found for instance in [307, chapt. 9].

Banach KK-Theory

Skandalis showed that the Dirac-dual Dirac method cannot work for all groups [287]
as long as one works with KK-theory in the unitary setting. The problem is that
for a group with property (T) the trivial and the regular unitary representation
cannot be connected by a continuous path in the space of unitary representations,
compare also the discussion in [163]. This problem can be circumvented if one
drops the condition unitary and works with a variant of KK-theory for Banach
algebras as worked out by Lafforgue [183,185,186].
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Controlled Topology and Algebra

To a topological problem one can often associate a notion of “size”. We de-
scribe a prototypical example. Let M be a Riemannian manifold. Recall that an
h-cobordism W over M = 9~ W admits retractions r*: W x I — W, (x,t) >
rti(x, t) which retract W to 0*W, i.e. which satisfy ra—L = idy and rfc(W) -
d*W. Given £ > 0 we say that W is e-controlled if the retractions can be cho-
sen in such a way that for every x € W the paths (called tracks of the h-
cobordism) pE: I — M, t + 1 o rf(x) both lie within an e-neighbourhood
of their starting point. The usefulness of this concept is illustrated by the following
theorem [124].

2.8.7

Theorem 165 Let M be a compact Riemannian manifold of dimension > 5. Then
there exists an € = &y > 0, such that every e-controlled h-cobordism over M is
trivial.

If one studies the s-Cobordism Theorem 5 and its proof one is naturally lead to
algebraic analogues of the notions above. A (geometric) R-module over the space X
is by definition a family M = (M,).ex of free R-modules indexed by points of X
with the property that for every compact subset K C X the module ®yex My is
a finitely generated R-module. A morphism ¢ from M to N is an R-linear map
¢ = (¢yx): @xex My — DyexN,. Instead of specifying fundamental group data by
paths (analogues of the tracks of the h-cobordism) one can work with modules and
morphisms over the universal covering X, which are invariant under the operation
of the fundamental group G = m;(X) via deck transformations, i.e. we require
that M, = M, and ¢gyoc = ¢, x. Such modules and morphisms form an additive
category which we denote by €%(X; R). In particular one can apply to it the non-
connective K-theory functor K (compare [237]). In the case where X is compact
the category is equlvalent to the category of finitely generated free RG-modules
and hence ,KC(X; R) = K, (RG). Now suppose X is equipped with a G-invariant
metric, then we will say that a morphism ¢ = (¢,.) is e-controlled if ¢, = 0,
whenever x and y are further than ¢ apart. (Note that e-controlled morphisms
do not form a category because the composition of two such morphisms will in
general be 2¢-controlled.)

Theorem 165 has the following algebraic analogue [251] (see also sect. 4
in [240]).

165

Theorem 166 Let M be a compact Riemannian manifold with fundamental group G.
There exists an € = €y > 0 with the following property. The K;-class of every G-
invariant automorphism of modules over M which together with its inverse is
e-controlled lies in the image of the classical assembly map

H,(BG;KR) — K;(RG) = Ki(C°(M;R)) .

166
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To understand the relation to Theorem 165 note that for R = Z such an &-
controlled automorphism represents the trivial element in the Whitehead group
which is in bijection with the h-cobordisms over M, compare Theorem 5.

There are many variants to the simple concept of “metric e-control” we used
above. In particular it is very useful to not measure size directly in M but instead
use a map p: M — X to measure size in some auxiliary space X. (For example we
have seen in Sects. 2.2.2 and 2.2.4 that “bounded” control over RF may be used in
order to define or describe negative K-groups.)

Before we proceed we would like to mention that there are analogous control-
notions for pseudoisotopies and homotopy equivalences. The tracks of a pseu-
doisotopy f: M x I — M x I are defined as the paths in M which are given by the
composition

pil=lxxICMxIL MxIS M

for each x € M, where the last map is the projection onto the M-factor. Suppose
f: N — M is a homotopy equivalence, g: M — N its inverse and h; and h; are
homotopies from f o g to idys respectively from g o f to idy then the tracks are
defined to be the paths in M thatare givenby ¢ > h,(x) forx € M andt > foh(y)
for y € N. In both cases, for pseudoisotopies and for homotopy equivalences, the
tracks can be used to define e-control.

Assembly as Forget Control

If instead of a single problem over M one defines a family of problems over
M x [1,00) and requires the control to tend to zero for + — oo in a suitable
sense, then one obtains something which is a homology theory in M. Relaxing
the control to just bounded families yields the classical assembly map. This idea
appears in [252] in the context of pseudoisotopies and in a more categorical fashion
suitable for higher algebraic K-theory in [55] and [241]. We spell out some details
in the case of algebraic K-theory, i.e. for geometric modules.

Let M be a Riemannian manifold with fundamental group G and let §(1/t) be
the space of all functions [1,00) — [0,00),t > &; such thatt — ¢-§; is bounded.
Similarly let £(1) be the space of all functions ¢ > &, which are bounded. Note
that 8(1/t) C 4(1). A G-invariant morphism ¢ over M x [1,00) is §-controlled for
4§ = &(1) or 8(1/t) if there exists an & > 0 and a 6, € § (both depending on the
morphism) such that ¢, ;) (v ) # 0implies that |t—t'| < aand dj;(x,X’) < Smin(r,¢}-
We denote by CY(M x [1,00), 8;R) the category of all 8-controlled morphisms.
Furthermore CY(M x [1,00), 8; R)™® denotes the quotient category which has the
same objects, but where two morphisms are identified, if their difference factorizes
over an object which lives over M x [1, N for some large but finite number N. This
passage to the quotient category is called “taking germs at infinity”. It is a special
case of a Karoubi quotient, compare [51].
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Theorem 167: (Classical Assembly as Forget Control.) Suppose M is aspherical,
i.e. M is a model for BG, then for all n € Z the map

1, (KCY(M x [1,00), 8(1/t);R)™) — m,(KCY(M x [1,00), 8(1);R)™)

can be identified up to an index shift with the classical assembly map that appears
in Conjecture 11, i.e. with

H,-1(BG;K(R)) — K,-1(RG) .

Note that the only difference between the left and the right hand side is that on
the left morphism are required to become smaller in a 1/t-fashion, whereas on the
right hand side they are only required to stay bounded in the [1, co)-direction.

Using so called equivariant continuous control (see [7] and [19, sect. 2] for the
equivariant version) one can define an equivariant homology theory which applies
to arbitrary G-CW-complexes. This leads to a “forget-control description” for the
generalized assembly maps that appear in the Farrell-Jones Conjecture 58. Alter-
natively one can use stratified spaces and stratified Riemannian manifolds in order
to describe generalized assembly maps in terms of metric control. Compare [111,
3.6 on p. 270] and [252, appendix].

Methods to Improve Control

From the above description of assembly maps we learn that the problem of prov-
ing surjectivity results translates into the problem of improving control. A com-
bination of many different techniques is used in order to achieve such control-
improvements. We discuss some prototypical arguments which go back to [98]
and [102] and again restrict attention to K-theory. Of course this can only give
avery incomplete impression of the whole program which is mainly due to Farrell-
Hsiang and Farrell-Jones. The reader should consult [120] and [162] for a more
detailed survey.

We restrict to the basic case, where M is a compact Riemannian manifold with
negative sectional curvature. In order to explain a contracting property of the
geodesic flow @: R x SM —s SM on the unit sphere bundle S]VI, we introduce
the notion of foliated control. We think of SM as a manifold equipped with the
one-dimensional foliation by the flow lines of ¢ and equip it with its natural
Riemannian metric. Two vectors v and w in SM are called foliated (&, §)-controlled
if there exists a path of length « inside one flow line such that v lies within distance
/2 of the starting point of that path and w lies within distance 6/2 of its endpoint.

Two vectors v and w € SM are called asymptotic if the distance between their
associated geodesic rays is bounded. These rays will then determine the same point
on the sphere at infinity which can be introduced to compactify M to a disk. Recall
that the universal covering of a negatively curved manifold is diffeomorphic to R”.

167
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Suppose v and w are a-controlled asymptotic vectors, i.e. their distance is smaller
than a > 0. As a consequence of negative sectional curvature the vectors @,(v) and
@;(w) are foliated (Ca, 8;)-controlled, where C > 1 is a constant and é; > 0 tends
to zero when ¢ tends to co. So roughly speaking the flow contracts the directions
transverse to the flow lines and leaves the flow direction as it is, at least if we only
apply it to asymptotic vectors.

This property can be used in order to find foliated (a, §)-controlled represen-
tatives of K-theory classes with arbitrary small § if one is able to define a suitable
transfer from M to SM, which yields representatives whose support is in an asymp-
totic starting position for the flow. Here one needs to take care of the additional
problem that in general such a transfer may not induce an isomorphism in K-
theory.

Finally one is left with the problem of improving foliated control to ordinary
control. Corresponding statements are called “Foliated Control Theorems”. Com-
pare [18,101,103,104] and [108].

If such an improvement were possible without further hypothesis, we could
prove that the classical assembly map, i.e. the assembly map with respect to the
trivial family is surjective. We know however that this is not true in general. It fails
for example in the case of topological pseudoisotopies or for algebraic K-theory
with arbitrary coefficients. In fact the geometric arguments that are involved in
a “Foliated Control Theorem” need to exclude flow lines in SM which correspond
to “short” closed geodesic loops in SM. But the techniques mentioned above can
be used in order to achieve e-control for arbitrary small € > 0 outside of a suitably
chosen neighbourhood of “short” closed geodesics. This is the right kind of control
for the source of the assembly map which involves the family of cyclic subgroups.
(Note thata closed aloop in M determines the conjugacy class of a maximal infinite
cyclic subgroup inside G = m;(M).) We see that even in the torsionfree case the
class of cyclic subgroups of G naturally appears during the proof of a surjectivity
result.

Another source for processes which improve control are expanding self-maps.
Think for example of an n-torus R"[Z" and the self-map f; which is induced
by m,: R" — R”, x — sx for a large positive integer s. If one pulls an auto-
morphism back along such a map one can improve control, but unfortunately
the new automorphism describes a different K-theory class. Additional algebraic
arguments nevertheless make this technique very successful. Compare for exam-
ple [98]. Sometimes a clever mixture between flows and expanding self-maps is
needed in order to achieve the goal, compare [105]. Recent work of Farrell-Jones
(see [114-116] and [161]) makes use of a variant of the Cheeger-Fukaya-Gromov
collapsing theory.

168

Remark 168: (Algebraicizing the Farrell-Jones Approach.) In this Subsection we
sketched some of the geometric ideas which are used in order to obtain control
over an h-cobordism, a pseudisotopy or an automorphism of a geometric module
representing a single class in K;. In Sect. 2.8.8 we used families over the cone
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M x [1,00) in order to described the whole algebraic K-theory assembly map
at once in categorical terms without ever referring to a single K-theory element.
The recent work [21] shows that the geometric ideas can be adapted to this more
categorical set-up, at least in the case where the group is the fundamental group of
a Riemannian manifold with strictly negative curvature. However serious difficul-
ties had to be overcome in order to achieve this. One needs to formulate and prove
a Foliated Control Theorem in this context and also construct a transfer map to
the sphere bundle for higher K-theory which is in a suitable sense compatible with
the control structures.

The Descent Principle

In Theorem 167 we described the classical assembly map as a forget control map
using G-invariant geometric modules over M x [1, o). If in that context one does
not require the modules and morphisms to be invariant under the G-action one
nevertheless obtains a forget control functor between additive categories for which
we introduce the notation

D(1Yt) = C(M x [1,00), 8(1/t);R)™ — D(1) = €(M x [1,00), 8(1);R)™ .

Applying K-theory yields a version of a “coarse” assembly map which is the
algebraic K-theory analogue of the map described in Sect. 2.5.1. A crucial feature
of such a construction is that the left hand side can be interpreted as a locally finite
homology theory evaluated on M. It is hence an invariant of the proper homotopy
type of M. Compare [7] and [326]. It is usually a lot easier to prove that this coarse
assembly map is an equivalence. Suppose for example that M has non-positive
curvature, choose a point x, € M (this will destroy the G-invariance) and with
increasing t € [1, 00) move the modules along geodesics towards x,. In this way one
can show that the coarse assembly map is an isomorphism. Such coarse assembly
maps exist also in the context of algebraic L-theory and topological K-theory,
compare [151,263].

Results about these maps (compare e.g. [17, 55, 336, 338]) lead to injectivity
results for the classical assembly map by the “descent principle” (compare [52,55,
263]) which we will now briefly describe in the context of algebraic K-theory. (We
already stated an analytic version in Sect. 2.5.1.) For a spectrum E with G-action
we denote by E"C the homotopy fixed points. Since there is a natural map from
fixed points to homotopy fixed points we obtain a commutative diagram

K(D(1/1)° — K(D(1))¢

| '

K(D(1/t)'¢ —— KD)C.

2.8.10
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If one uses a suitable model K-theory commutes with taking fixed points and
hence the upper horizontal map can be identified with the classical assembly map
by Theorem 167. Using that K-theory commutes with infinite products [54], one
can show by an induction over equivariant cells, that the vertical map on the
left is an equivalence. Since we assume that the map K(D(1/t)) — K(D(1)) is
an equivalence, a standard property of the homotopy fixed point construction
implies that the lower horizontal map is an equivalence. It follows that the upper
horizontal map and hence the classical assembly map is split injective. A version of
this argument which involves the assembly map for the family of finite subgroups
can be found in [271].

2.8.11 Comparing to Other Theories

Every natural transformation of G-homology theories leads to a comparison be-
tween the associated assembly maps. For example one can compare topological
K-theory to periodic cyclichomology [72], i.e. for every Banach algebra completion
A(G) of CG inside C}(G) there exists a commutative diagram

Ki(BG) ——— K.(A(G))

J :

H,(BG HP,(C)) —— HP(A(G)) .

This is used in [72] to prove injectivity results for word hyperbolic groups. Similar
diagrams exist for other cyclic theories (compare for example [246]).

A suitable model for the cyclotomic trace trc: K,,(RG) — TC,(RG) from (con-
nective) algebraic K-theory to topological cyclic homology [38] leads for every
family ¥ to a commutative diagram

H,(Ex (G);K7") —— K"(ZG)

J !

Hn(E?(G))TCZ) — TCn(ZG)

Injectivity results about the left hand and the lower horizontal map lead to in-
jectivity results about the upper horizontal map. This is the principle behind
Theorem 142 and 143.

2.9 Computations

|
Our ultimate goal is to compute K- and L-groups such as K,(RG), L,<[°°) (RG) and

K,(Cf(G)). Assuming that the Baum-Connes Conjecture 59 or the Farrell-Jones
Conjecture 58 is true, this reduces to the computation of the left hand side of the
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corresponding assembly map, i.e. to HS(Ezy .y (G); KP), Hf(Evey(G);KR) and
HS (Evey(G); L§{°C> ). This is much easier since here we can use standard methods
from algebraic topology such as spectral sequences, Mayer-Vietoris sequences and
Chern characters. Nevertheless such computations can be pretty hard. Roughly
speaking, one can obtain a general reasonable answer after rationalization, but
integral computations have only been done case by case and no general pattern is
known.

K- and L-Groups for Finite Groups 2.9.1

In all these computations the answer is given in terms of the values of K,(RG),
ijoo) (RG) and K,,(C?(G)) for finite groups G. Therefore we briefly recall some of
the results known for finite groups focusing on the case R = Z

Topological K-Theory for Finite Groups
Let G be a finite group. By rz(G), we denote the number of isomorphism classes of
irreducible representations of G over the field F. By rr (G; R), rz (G; C), respectively
rr(G;H) we denote the number of isomorphism classes of irreducible real G-
representations V, which are of real, complex respectively of quaternionic type,
i.e. autrg (V) is isomorphic to the field of real numbers R, complex numbers C or
quaternions H. Let RO(G) respectively R(G) be the real respectively the complex
representation ring.

Notice that CG = I'(G) = C*(G) = C¥_.(G) holds for a finite group, and
analogous for the real versions.

Proposition 169 Let G be a finite group. 169
(i) We have

x -~ |R(G)=7c9 forneven;
K (CH(G)) =
for nodd .

(ii) There is an isomorphism of topological K-groups

Ki(CHGR)) = K, (R)ROR) % K, (C)RED) x K, (H)®ED

Moreover K, (C) is 2-periodic with values Z, 0 for n = 0, 1, K,,(R) is 8-periodic
with values Z, Z/2, Z/2, 0, Z, 0, 0, 0 for n = 0,1, ...,7 and K,,(H) = K,4+4(R)
forn € Z.

Proof One gets isomorphisms of C*-algebras

rc(G)
C(G) = M,,(C)
=1
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and

= (GR) R(GO) R(GH)
CGRIZ J] Mu@®) x [] Mu(© x [] M)
=1

i=1 i=1

from [283, theorem 7 on page 19, corollary 2 on page 96, page 102, page 106]. Now
the claim follows from Morita invariance and the well-known values for K,(R),
K,(C) and K,,(H) (see for instance [301, page 216]).

To summarize, the values of K,,(C;(G)) and K,,(C’(G; R)) are explicitly known for
finite groups G and are in the complex case in contrast to the real case always
torsion free.

Algebraic K-Theory for Finite Groups
Here are some facts about the algebraic K-theory of integral group rings of finite
groups.

170

Proposition 170 Let G be a finite group.
(i) K,(ZG)=0forn < -2.
(ii) We have

KA(ZG) =7 & (Z]2)
where

r=1-rg(G)+ Z rq, (G) — 1, (G)
rlial

and the sum runs over all primes dividing the order of G. (Recall that rx(G)
denotes the number of isomorphism classes of irreducible representations of
G over the field F.) There is an explicit description of the integer s in terms of
global and local Schur indices [58]. If G contains a normal abelian subgroup
of odd index, then s = 0.

(iii) The group Ky(ZG) is finite.

(iv) The group Wh(G) is a finitely generated abelian group and its rank is 1z (G) —
rQ(G).

(v) The groups K,,(ZG) are finitely generated for all n € Z.

(vi) We have K_,(ZG) = 0, Ky(ZG) = 0 and Wh(G) = 0 for the following finite
groups G = {1}, Z/2, Z|3, Z[4, Z|2 x Z|2, Dg, Ds, where D,, is the dihedral
group of order m.

If p is a prime, then K_; (Z[Z[p]) = K_1 (Z|Z[p x Z[p]) = 0.
We have

K. (Z(Z[6]) 2 Z, Ko(Z[Z[6]) =0, Wh(Z[6) =0

K. (ZID1u])) 22, Ko(ZIDp]) =0, Wh(Dy,)=0.



The Baum-Connes and the Farrell-Jones Conjectures in K- and L-Theory 815

(vii) Let Wh;(G) denote the cokernel of the assembly map
H,(BG;K(Z)) — K,(ZG) .

We have Wh,(G) = 0for G = {1}, Z/2, Z[3 and Z[4. Moreover | Wh,(Z/[6)| < 2,
|Wh2(Z/2 X Z/2)| > 2 and WhZ(DG) = Z/Z.

Proof (i) and (ii) are proved in [58].

(iii) is proved in [298, proposition 9.1 on page 573].

(iv) This is proved for instance in [232].

(v) See [181,248].

(vi) and (vii) The computation K_; (ZG) = 0 for G = Z[p or Z[p x Z[p can be found
in [22, theorem 10.6, p. 695] and is a special case of [58].

The vanishing of Ko(ZG) is proven for G = Dg in [262, theorem 8.2] and
for G = Dy in [262, theorem 6.4]. The cases G = Z[2,Z/3,Z[4,Z[6, and (Z[2)* are
treatedin [79, corollary 5.17]. Finally, Ko(ZDy,) = 0follows from [79, theorem 50.29
on page 266] and the fact that QD;, as a (Q-algebra splits into copies of Q and
matrix algebras over QQ, so its maximal order has vanishing class group by Morita
equivalence.

The claims about Wh;(Z/n) for n = 2,3,4,6 and for Wh,((Z/2)?) are taken
from [85, proposition 5], [89, p. 482] and [296, pp. 218 and 221].

We get Ky(ZDg) = (Z[2)* from [296, theorem 3.1]. The assembly map
H,(BZ[2;K(Z)) — K3(Z[Z[2]) is an isomorphism by [89, theorem on p. 482].
Now construct a commutative diagram

Hy(BZ/5K(Z) — Hy(BDgK(2))

| |

Ky(Z|Z[2]) ———— Ky(ZDg)

whose lower horizontal arrow is split injective and whose upper horizontal arrow
is an isomorphism by the Atiyah-Hirzebruch spectral sequence. Hence the right
vertical arrow is split injective and Wh, (D) = Z/2.

Let us summarize. We already mentioned that a complete computation of K,,(Z) is
not known. Also a complete computation of Ky(Z[Z[p]) for arbitrary primes p is
out of reach (see [221, pp. 29,30]). There is a complete formula for K_,(ZG) and
K,(ZG) = 0 for n < -2 and one has a good understanding of Wh(G) (see [232]).
We have already mentioned Borel’s formula for K,(Z) ®z Q for all n € Z (see
Remark 14). For more rational information see also 177.
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Algebraic L-Theory for Finite Groups

Here are some facts about L-groups of finite groups.

171

29.2

Proposition 171 Let G be a finite group. Then

(i) For eachj < 1 the groups LI(ZG) are finitely generated as abelian groups
and contain no p-torsion for odd primes p. Moreover, they are finite for odd n.

(ii) For every decoration (j) we have

Z12]®E) n=0 (4);
LNZG)[1[2] = LY (RG)[1)2] = { Z[12]¢© n=2 (4);
0 n=1,3 (4).

(iii) If G has odd order and n is odd, then L;(ZG) = 0 for € = p, h, s.

Proof (i) See for instance [143].
(ii) See [258, proposition 22.34 on page 253].
(iii) See [13] or [143].

The L-groups of ZG are pretty well understood for finite groups G. More informa-
tion about them can be found in [143].

Rational Computations for Infinite Groups

Next we state what is known rationally about the K- and L-groups of an infinite
(discrete) group, provided the Baum-Connes Conjecture 59 or the relevant version
of the Farrell-Jones Conjecture 58 is known.

In the sequel let (¥ CY) be the set of conjugacy classes (C) for finite cyclic
subgroups C C G. For H C Glet NgH = {g € G | gHg™ ! = H} be its normalizer,
let ZcH = {g € G | ghg™! = hfor h € H} be its centralizer, and put

WGH = NGH/(H . ZGH) N

where H - ZgH is the normal subgroup of NgH consisting of elements of the form
hufor h € H and u € ZgH. Notice that WgH is finite if H is finite.

Recall that the Burnside ring A(G) of a finite group is the Grothendieck group
associated to the abelian monoid of isomorphism classes of finite G-sets with
respect to the disjoint union. The ring multiplication comes from the cartesian
product. The zero element is represented by the empty set, the unit is represented
by G/G = pt. For a finite group G the abelian groups K,(C’(G)), K;(RG) and
L)(RG) become modules over A(G) because these functors come with a Mackey
structure and [G/H] acts by ind; o resH.
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We obtain a ring homomorphism

X AG) ~ [ 2z 1Sl (8" Dwnesn »
(H)eFIN

which sends the class of a finite G-set S to the element given by the cardinalities
of the H-fixed point sets. This is an injection with finite cokernel. This leads to an
isomorphism of Q-algebras

xg=x"®zidg: AG)®zQ > ] Q. (2.47)
(H)e(FIN)

For a finite cyclic group C let

8¢ € A(C) ®z Z[1/IC]] (2.48)

be the element which is sent under the isomorphismx(% (A0)®,Q > H(H)eTlN Q
of (2.47) to the element, whose entry is one if (H) = (C) and is zero if (H) #
(C). Notice that 6¢ is an idempotent. In particular we get a direct summand
O¢c - K;(CH(C)) ®z Q in K;(CH(C)) ®z Q and analogously for K,;(RC) ®7 Q and
LI®)/(RG) ®z Q.

Rationalized Topological K-Theory for Infinite Groups

The next result is taken from [203, theorem 0.4 and page 127]. Recall that A is the
ring Z € A® C Q which is obtained from Z by inverting the orders of the finite
subgroups of G.

Theorem 172:  (Rational Computation of Topological K-theory for Infinite
Groups.) Suppose that the group G satisfies the Baum-Connes Conjecture 59.
Then there is an isomorphism

P P KBZC) @z bc - Ky(CHC)) @z A°
ptq=n (C)e(FCY)

5 K(CHG)) @7 AC

If we tensor with Q, we get an isomorphism

P P HBZGCQ qwea Oc - Ky(CH(C)) @7 Q
prq=n (C)e(FCY)

5 K(CHG)) 2 Q.

172
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Rationalized Algebraic K-Theory for Infinite Groups

Recall that for algebraic K-theory of the integral group ring we know because of
Proposition 73 that in the Farrell-Jones Conjecture we can reduce to the family of
finite subgroups. A reduction to the family of finite subgroups also works if the
coefficient ring is a regular Q-algebra, compare 70. The next result is a variation
of [201, theorem 0.4].

173

Theorem 173:  (Rational Computation of Algebraic K-theory.) Suppose that the
group G satisfies the Farrell-Jones Conjecture 58 for the algebraic K-theory of RG,
where either R = Z or Ris a regular ring with Q C R. Then we get an isomorphism

P P H(BZCQ) Rqwsc Oc - Ky(RC) @2 Q > Ky(RG) @2 Q .
ptq=n (C)e(FCY)

174

Remark 174 If in Theorem 173 we assume the Farrell-Jones Conjecture for the
algebraic K-theory of RG but make no assumption on the coefficient ring R, then
we still obtain that the map appearing there is split injective.

Example 175. (The Comparison Map from Algebraic to Topological K-theory.) If
we consider R = C as coefficient ring and apply — ®; C instead
of — ®z Q , the formulas simplify. Suppose that G satisfies the Baum-Connes
Conjecture 59 and the Farrell-Jones Conjecture 58 for algebraic K-theory with C
as coefficient ring. Recall that con(G) is the set of conjugacy classes (g) of elements
g € G of finite order. We denote for g € G by (g) the cyclic subgroup generated
by g.
Then we get the following commutative square, whose horizontal maps are
isomorphisms and whose vertical maps are induced by the obvious change of
theory homorphisms (see [201, theorem 0.5])

GBPHFW @(g)econ(G)f Hp(ZG<g>S C) ®z Kq((c) —— K,(CG)®zC

| |

@P+q=n @(g)econ(G)f HP(ZG(g))(C) ®z K;OP(C) —~> K”(C;k(G)) ®z C

The Chern character appearing in the lower row of the commutative square above
has already been constructed by different methods in [26]. The construction
in [201] works also for @ (and even smaller rings) and other theories like al-
gebraic K- and L-theory. This is important for the proof of Theorem 98 and to get
the commutative square above.
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Example 176. (A Formula for Ko(ZG) ®z Q.) Suppose that the Farrell-Jones
Conjecture is true rationally for Ko(ZG), i.e. the assembly map

Avey: Hi (Evey(G);Kz) ®z Q — Ko(ZG) @z Q
is an isomorphism. Then we obtain

Ko(ZG) ®2, Q =

K(Z)®2Q® P Hi(BZ:GQ) Qgwycl Oc - K1 (RC) @7Q .
(Qe(FeY)

Notice that Ky (ZG) ®7,Q contains only contributions from K_; (ZC) ®,Q for finite
cyclic subgroups C € G.

Remark 177 Note that these statements are interesting already for finite groups.
For instance Theorem 172 yields for a finite group G and R = C an isomorphism

@ AG Qagiwee) 0c - R(C) 2 Ag = R(G) ®z Ag .
(Ce(Fey)

which in turn implies Artin’s Theorem discussed in Remark 82.

Rationalized Algebraic L-Theory for Infinite Groups
Here is the L-theory analogue of the results above. Compare [201, theorem 0.4].

177

Theorem 178: (Rational Computation of Algebraic L-theory for Infinite Groups.)
Suppose that the group G satisfies the Farrell-Jones Conjecture 58 for L-theory.
Then we get for all j € Z,j < 1 an isomorphism

P P H(BZGCQ Sgwc bc - LY (RC) ®2Q > LY (RG) @2 Q.
pta=n(C)e(FCY)

178

Remark 179: (Separation of Variables.) Notice that in Theorem 172, 173 and 178
we see again the principle we called separation of variables in Remark 13. There is
a group homology part which is independent of the coefficient ring R and the K-
or L-theory under consideration and a part depending only on the values of the
theory under consideration on RC or C?(C) for all finite cyclic subgroups C C G.

Integral Computations for Infinite Groups

As mentioned above, no general pattern for integral calculations is known or
expected. We mention at least one situation where a certain class of groups can

179

293
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be treated simultaneously. Let M ¥4 be the subset of #{N consisting of elements

in 4N which are maximal in F4N . Consider the following assertions on the

group G.

(M) My, M, EM?l,MlmMz#lﬁMl = My;

(NM) Me MFIL = NcM =M;

(VCL;) If V is an infinite virtually cyclic subgroup of G, then V is of type I (see
Lemma 71);

(FJKN) The Isomorphism Conjecture of Farrell-Jones for algebraic K-theory 58
is true for ZG in the range n < N for a ﬁzted element N € Z LI {o0}, i.e.
the assembly map A: ]ff(Ev@y(G); Kr) > K,(RG) is bijective forn € Z
withn < N.

Let K, (C:(H)) be the cokernel of the map K,(C:({1})) = K, (C*(H)) and L(] (RG)
be the cokernel of the map L (R) — L (RG) This coincides with L (R), which
is the cokernel of the map LU (Z) — LU (R) if R = Z but not in general. Denote
by Wh®(G) the n-th Whitehead group of RG which is the (1 — 1)-th homotopy
group of the homotopy fiber of the assembly map BG. A K(R) — K(RG). It agrees
with the previous defined notions if R = Z. The next result is taken from [83,
theorem 4.1].

180

Theorem 180 Let Z C A C Q be a ring such that the order of any finite subgroup

of Gis invertible in A. Let (M ¥{) be the set of conjugacy classes (H) of subgroups

of G such that H belongs to M F{. Then:

(i) If G satisfies (M), (NM) and the Baum-Connes Conjecture 59, then for n € Z
there is an exact sequence of topological K-groups

0> @ KuCi(H) > Ku(CHG) - Ku(G\Ersw(G)) > 0,
(H)e(MF1)

which splits after applying — @z A
(ii) If G satisfies (M), (NM), (VCL;) and the L-theory part of the Farrell-Jones
Conjecture 58, then for all n € Z there is an exact sequence

Hut (G\Esun (GELT¥(R) - @ Iy ™ (RH)

(H)e(MFL)
— L™ (RG) — Hy(G\Ezyw (G); L™ (R)) —
It splits after applying — ®y A, more precisely
"N (RG) ®z A — Hy(G\Egyn (G)LT(R)) @z A

is a split-surjective map of A-modules.
(iii) If G satisfies the assertions (M), (NM) and the Farrell-Jones Conjecture 58
for L,(RG)[1/2], then the conclusion of assertion (ii) still holds if we invert



The Baum-Connes and the Farrell-Jones Conjectures in K- and L-Theory 821

2 everywhere. Moreover, in the case R = Z the sequence reduces to a short
exact sequence

o~ P Zg‘>(ZH)[ﬂ—>L§j>(ZG) [ﬂ

(H)e(MF1)
1
— Hy(G\Eg1n (G); L(2)) [E] -0,

which splits after applying — ®Z[ iy Al3]
(iv) If G satisfies (M), (NM), and (FJKy), then there is for n € Z,n < N an
isomorphism

H,(Evey(G), Eryn (G); Kg) @ @ Wh¥(H) S wh¥(G),
(H)e(MFL)

where th(H ) — th(G) is induced by the inclusion H — G.

Remark 181: (Role of G\E#;,(G).) Theorem 180 illustrates that for such com-
putations a good understanding of the geometry of the orbit space G\E#;. (G) is
necessary.

181

Remark 182 In [83] it is explained that the following classes of groups do satisfy
the assumption appearing in Theorem 180 and what the conclusions are in the
case R = 7Z. Some of these cases have been treated earlier in [34,212].

Extensions 1 — Z" — G — F — 1 for finite F such that the conjugation

action of F on Z" is free outside 0 € Z";

Fuchsian groups F;

One-relator groups G.

Theorem 180 is generalized in [204] in order to treat for instance the semi-direct
product of the discrete three-dimensional Heisenberg group by Z/4. For this group
G\E}*lt,v(G) is SS.

A calculation for 2-dimensional crystallographic groups and more general co-
compact NEC-groups is presented in [212] (see also [236]). For these groups the
orbit spaces G\E#; x (G) are compact surfaces possibly with boundary.

Example 183. Let F be a cocompact Fuchsian group with presentation

F= (al,bl, s lg byl | d'==d"=qt M a, by lag, by] = 1>
for integers g,t > 0 and y; > 1. Then G\E#;.»(G) is a closed orientable surface
of genus g. The following is a consequence of Theorem 180 (see [212] for more
details).

182
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There are isomorphisms

C+YL(yi-1)-Z n=0;
(2¢)-Z n=1.

Ky(Ci(F) =

The inclusions of the maximal subgroups Z[y; = (¢;) induce an isomorphism
! =
P wh..(Zfy) = Wh,(F)
i=1

forn < 1.
There are isomorphisms

1+ E])-Z[12]  n=0 (4);

L(ZF)[1[2] = (Zg)'ZH/Z]_l nEl s
1+ [2)-Z[12] n=2 (4);
0 n=3 (4),

where [r] for r € R denotes the largest integer less than or equal to r.
From now on suppose that each y; is odd. Then the number m above is odd and
we get for for e = pand s

ZRO(1+YL B Z n=0 (4);

zr =)L o n=1 (4);
ZRp@BO+YX,5)Z q=2 4);
(29) - ZJ2 n=3 (4).

For £ = h we do not know an explicit formula. The problem is that no general
formula is known for the 2-torsion contained in L;’q(Z[Z/m] ), for m odd, since
it is given by the term ﬁz(Z/Z; Ko(Z|Z[m))), see [14, theorem 2].

Information about the left hand side of the Farrell-Jones assembly map for alge-
braic K-theory in the case where G is SL3(Z) can be found in [306].

294 Techniques for Computations

We briefly outline some methods that are fundamental for computations and for
the proofs of some of the theorems above.

Equivariant Atiyah-Hirzebruch Spectral Sequence
Let #C be a G-homology theory with values in A-modules. Then there are two
spectral sequences which can be used to compute it. The first one is the rather
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obvious equivariant version of the Atiyah-Hirzebuch spectral sequence. It converges
to #C(X) and its E*-term is given in terms of Bredon homology

2 G . G
E2, = HS(X; #C(GIH))

of X with respect to the coefficient system, which is given by the covariant functor
Or(G) - A-MODULES, G/H .%’qG(G/H). More details can be found for
instance in [82, theorem 4.7].

p-Chain Spectral Sequence

There is another spectral sequence, the p-chain spectral sequence [83]. Consider
a covariant functor E: Or(G) — SPECTRA. It defines a G-homology theory
FC(—; E) (see Proposition 156). The p-chain spectral sequence converges to F£ (X)
but has a different setup and in particular a different F>-term than the equivariant
Atiyah-Hirzebruch spectral sequence. We describe the E'-term for simplicity only
for a proper G-CW-complex.

A p-chain is a sequence of conjugacy classes of finite subgroups

(Hp) <... < (Hp)

where (H;—1) < (H;) means that H;_; is subconjugate, but not conjugate to (H;).
Notice for the sequel that the group of automorphism of G/H in Or(G) isisomorphic
to NH/H. To such a p-chain there is associated the NH,/H,-NHy/H,-set

S((Ho) < ... < (Hj))
= map(G/prl,G/Hp)G XNHp—l/Hp—l XNHl/Hl map(G/Ho, G/Hl)G .

The E'-term E, , of the p-chain spectral sequence is

@ 7Tq<(XHP X NH,/H, S((Ho) <...< (I‘Ip)))+ /A\NHy/Ho E(G/Ho)) ,
(Ho)<...<(Hp)

where Y, means the pointed space obtained from Y by adjoining an extra base
point. There are many situations where the p-chain spectral sequence is much
more useful than the equivariant Atiyah-Hirzebruch spectral sequence. Sometimes
a combination of both is necessary to carry through the desired calculation.

Equivariant Chern Characters

Equivariant Chern characters have been studied in [201] and [203] and allow to
compute equivariant homology theories for proper G-CW-complexes. The exis-
tence of the equivariant Chern character says that under certain conditions the
Atiyah-Hirzebruch spectral sequence collapses and, indeed, the source of the
equivariant Chern character is canonically isomorphic to B, , Ef), > Where E;) .18
the E2-term of the equivariant Atiyah-Hirzebruch spectral sequence.
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The results of Sect. 2.9.2 are essentially proved by applying the equivariant Chern
character to the source of the assembly map for the family of finite subgroups.
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