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Blockcourse on High-Dimensional Computational Geometry Spring 2013

Lecture 3: Voronoi Diagrams — July 24, 2013

Wolfgang Mulzer Scribe: Simon Tippenhauer

1 Voronoi Diagrams

First of all we want to define a Voronoi diagram in arbitrary dimension. Therefore let P =
{p1, p2, . . . , pn} ✓ Rd be a subset of n points in d-dimensional euclidean space. The points in P

are also called sites of the Voronoi diagram. Then the Voronoi diagram V D(P ) of this point set is
defined as follows:

Definition 1. Let P = {p1, p2, . . . , pn} ⇢ Rd
. Then

V D(P ) = {q 2 Rd | 9 pi, pj 2 P : d(p, pi) = d(q, pj), i 6= j and d(q, p) � d(q, pi) for all p 2 P}

and the faces of VD(P) are:

j � face : {q 2 Rd | 9 fixed set of d� j + 1 points in P that have the smallest distance to q}

or in other words:

F ✓ Rd
is a j-face of VD(P) :, 9 subset Q ✓ P with |Q| = d� j + 1

s.t. q 2 F , all d(q, p) are the same for p 2 Q and

the distances from Q to all p 2 P �Q are at least as large.

The Voronoi diagram is the union of al j–faces for j = 0, 1, . . . , d� 1. A d–face of the Voronoi
diagram is an intersection of halfspaces bounded by bisectors. Hence it is a convex polytope.

Voronoi diagrams $ halfspace intersection

Let P = {p1, p2, . . . , pn} ✓ Rd be a set of points. For a given point q 2 Rd we want to compute
the point p 2 P that has the minimal distance to this point compared to any other point of P .
Therefore we do a lifting to the unit paraboloid one dimension higher which helps us to find p.

Lifting to unit paraboloid is the following function:

p = (z1, z2, . . . , zd) 7! p̂ = (z1, z2, . . . , zd,
dX

i=1

z

2
i ) 2 Rd+1

Whereas the unit paraboloid is the graph of

f(z1, z2, . . . , zd) 7! (z21 , z
2
2 , . . . , z

2
d)

Take P̂ = {p̂1, p̂2, . . . , p̂n} ✓ Rd+1 and let tp̂ be the tangent on unit paraboloid at p̂. Then
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Now let q = (q1, q2, . . . , qd) be some other point in Rd. Consider q̂ and take the tangent hyperplane
tp̂ of some point p 2 P . What is the vertical distance between q̂ and tp̂?

q̂d+1 � tp̂(q1, q2, . . . , qd) =

dX

i=1

q

2
i �

dX

i=1

(2ziqi � z

2
i ) =

dX

i=1

(q2i � 2ziqi + z

2
i ) =

dX

i=1

(qi � zi)
2 = d(d, p)2

So, to find the closest site for q, take q̂ and find the highest tangent tp̂ that intersects vertical
ray through q in Rd+1.

Take home message: Faces of V D(P ) are exactly the faces of \t+p̂ (projected onto Rd)
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