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Graphs of polytopes
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POlytOpe ConStrUCtlon Freie Universitat Berlin

GIVEN a combinatorial type of convex 3-polytope

FIND a geometric realization with ...
certain properties
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GIVEN a combinatorial type of convex 3-polytope

FIND a geometric realization with ...
certain properties

Two approaches: /\
1. inductive: start with the : &
simplest polytopes and make 7

local modifications

2. direct: obtain the polytope as a result of
— a system of equations

— an optimization problem

— an existential proof
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GIVEN a combinatorial type of convex 3-polytope

FIND a geometric realization with ...
. small integer vertex coordinates

Two approaches:
1. inductive: e Steinitz (1922): coordinates < 2¢%P(1)

e Das & Goodrich (1997): coordinates
< 2Poly(") for triangulated polytopes
2. direct: obtain the polytope as a result of
— a system of equations<— e Onn,Sturmfels('94): < 697"
— an optimization problem|e Richter-Gebert('96): < 2207°
- an existential proof ({ Ripg Rote, Schulz (2008): < 257
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Berlin

: G2
Polytope construction Feie Universtit

GIVEN a combinatorial type of convex 3-polytope
FIND a geometric realization with ...
. all vertices on the unit sphere (an inscribed polytope)

Two approaches: (cf. Delaunay triangulation)

1. inductive:

2. direct: obtain the polytope as a result of

— a system of equations

— an optimization problem

— an existential proof Rivin, Hodgson, Smith (1993):
test inscribability in polynomial time
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GIVEN a combinatorial type of convex 3-polytope

FIND a geometric realization with ...
. all edges tangent to the unit sphere

(a midscribed polytope)

Two approaches:

1 inductive: (cf. circle packings)

2. direct: obtain the polytope as a result of

— an optimization problem\ Brightwell & Scheinerman

— an existential proof Y. Colin de Verdiere

Koebe-Andreyev-Thurston Theorem
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Polytope construction Free Universitat o
face normals and face areas

GIVEN a-ecembinaterial-type of convex 3- polytope

FIND a geometric realization with . ..
these face areas and face normals

Two approaches:
1. inductive:

2. direct: obtain the polytope as a result of
— a system of equations

— an optimization problem Minkowski (~1897)
— an existential proof
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POlytOpe ConStrUCtlon Freie Universitit ’ Berhn
metric on the surface 5

GIVEN a-eembinaterialtype of convex 3- polytope (a net)

FIND a geometric realization with ...

Two approaches:
1. inductive:

2. direct: obtain the polytope as a result of

— a system of equations  Sabitov (1990)

— an optimization problem Bobenko & Izmestiev (2008)
— an existential proof Alexandrov (~1930)

Giinter Rote, Institut fiir Informatik, Freie Universitat Berlin Realization of three-dimensional polytopes, June 16, 2009



Polytope construction e Uriversic (ol

GIVEN a combinatorial type of convex 3-polytope
FIND a geometric realization with ...
all edge lengths rational

Two approaches:
1. inductive:

2. direct: obtain the polytope as a result of

— a system of equations
— an optimization problem

— an existential proof OPEN
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Tu tte e m b ed d | n g Freie Universitat %5 Berlin

utte embedding

> (spiderweb embedding,
equilibrium embedding)

All edges are springs with
elasticity constant w;; = w;; = 1,
obeying Hooke's law.

Inner vertices are in equilibrium

— drawing is planar.
\/ Tutte (1961)

—

fix boundary vertices p1,pa, ..., Dk
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\/

Lifting to 3-space
(Maxwell-Cremona

correspondence) / —_ >
S\ ==
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Lifting to 3-space
(Maxwell-Cremona
correspondence)
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Tutte embedding

\/

Lifting to 3-space -
(Maxwell-Cremona - |
correspondence)
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Maxwell-Cremona correspondencesee s}

between . ..

e 3-dimensional polytopes

A

projection| |lifting
\/

e equilibrium stresses in the
plane projection

Maxwell (1864), Whiteley (1982)
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Spanning trees

_T‘ C) ) () D;
. y;)___(;) YT Qet I
j’“ y

scaling by det L gives integer coordinates (z;, y;)

Maxwell-Cremona correspondence gives integer coordi-
nates z;

det L = number of tree-like structures
< number of spanning trees
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#T < H d, (product of the degrees)
v=1

follows from the Hadamard bound for the determinant of
positive semidefinite matrices.

For planar graphs: #1' < H d, < Zd"’ / n <
v=1

2m

4T < ﬁdv'i(l P Loyl o ﬁdv.i
v=1

for graphs with m edges [Grone, Merris 1988]
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The Outgoing Edge Method i Unvesat o

Pick a root r
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The Outgoing Edge Method

Freie Universitat el

Pick a root r

Select an arbitrary outgoing
edge for each vertex v # r.

+#choices = H d,
VFET
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The Outgoing Edge Method
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Pick a root r

Select an arbitrary outgoing
edge for each vertex v # r.

+#choices = H d,
VFET
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Pick a root r

Select an arbitrary outgoing
edge for each vertex v # r.

+#choices = H d,
VFET
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The Outgoing Edge Method

Freie Universitat

Pick a root r

Select an arbitrary outgoing
edge for each vertex v # r.

+#choices = H d,
VFET

Every spanning tree

arises once as a rooted
directed spanning tree

#T < || d,
VFET
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The Outgoing Edge Method

Freie Universitat

Pick a root r

Select an arbitrary outgoing
edge for each vertex v # r.

+#choices = H d,
VFET

Every spanning tree

arises once as a rooted
directed spanning tree

#T < || d,
VFET
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The Outgoing Edge Method

Freie Universitat

Pick a root r

Select an arbitrary outgoing
edge for each vertex v # r.

+#choices = H d,
VFET

Every spanning tree

arises once as a rooted
directed spanning tree

#T < |[d, <6"
VFET
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General bound for planar graphs e e (& ser

W.l.o.g., the graph Is triangulated.

The dual graph has n* = 2n — 3 vertices and the same
number #1' of spanning trees.

It is 3-regular, and therefore

2logan* [ 4 \" _ [16\"
T < — ) <(=) =5333.."
s <\/§> _<3>

[B. McKay 1983, Chung and Yao 1999, for k-regular graphs]
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#Spannlng treeS Of planar gra phS Freie Universit'ait |Berlin

can have at most can have

planar graphs

with n vertices ... 5.333..." 5.029™ §
__ without triangles 3.530" 3.209"
__ without A and 2.848™ 2.561"

. spanning trees.

[There are recent improvements by K. Buchin and A. Schulz.]
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Triangular outer face
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Triangular outer face

Freie Universitat

Take  (8) R-() F7(6) ?B

- ALl X i = %
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Maxwell-Cremona lifting:
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g_l_ke' GTO’PL' ¢0“+Q‘“S a C"«Lcldn Lateval —G.xce.
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4 bO un d a ry ve rt | ces Freie Universitit : (

g_l_ke' GTO’PL' ¢0“+Q‘HS a C"«Lcldn Lateval —G.xce.

rNC‘JT EV{:'R\(' C-HO[C.L. oF P‘l IPL ?3 ?: LEADS 1
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4 boundary vertices

"he Substitution Lemma:

"here are w;;, 1 <1 < j <4, such that for all
ﬁ17ﬁ27ﬁ37ﬁ41 the reSUIting forces in G On_ﬁlaﬁQvﬁBaﬁll
are the same as in the sustitution graph G on the four

vertices p1, p2, P3, P4 Only'
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How to place p1, pg,pg,m
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\mod\{’\{ un.3 Wy, Way Wiy Wi .
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b boundary vertices
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b boundary vertices

2 cases (depending on @'s):

A
¢ P4 o P3 A D4 .
Ds § oo
<-$-> L @ > —@ >
P11 D2 P5 $
P2
T D1

(W13 — Wos — Waq ) (W35 + W1z — Woy)
W35W14 T W14Wa5 + WasWaq + W13W35 — W35W2s

Iy —

W35 + W13 — Wy
W35 + Was

Ys =
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P u ttl n g eve ryt h | n g tOget h e r Freie Universitat Berlin

Every 3-connected planar graphs has a triangle, a
quadrilateral, or a pentagon.

Theorem (Ribé Mor, Rote, Schulz).
Every 3-polytope with n vertices can be embedded with
coordinates 0 < x; < 9™, 0 <y, <24", 0 < z; < 188™.
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T h e dOd eCca h ed ron Freie Universitit i

NS 2

Algorithm gives

2 < 1.11 x 10%°

(general bound ~ 10%7)

remove common factors
0 <y; <893
0 <z, <406.497

— ina4 x 24 x 28 box
(done by hand)

Glinter Rote, Institut fir Informatik, Freie Universitat Berlin Realization of three-dimensional polytopes, June 16, 2009



The dodecahedron Frfe Universit 1

NS 2

Algorithm gives

2 < 1.11 x 10%°

(general bound ~ 10%7)

remove common factors
0 <y; <893
0 <z, <406.497

— ina4 x 24 x 28 box
(done by hand)
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Klatte (1982)

Acketa and —éunié 6*995)
—Thiele (1994) T Jarnite 1922)

Al'\ V\-Soh. 'necds awn '\A‘teaer 87‘&0(
-o€ swe Levxsﬁk

A l’\%‘ 4 O(V\ '&3 u)
N23*=

Glinter Rote, Institut fir Informatik, Freie Universitat Berlin Realization of three-dimensional polytopes, June 16, 2009



LOWE r b O U n d S Freie Universitat ’;‘ |Berlin

Andrews (4961 ,13¢3)  Fleiner, Kaibel, Rote (1995)

An d‘POLyfore, with n vertices /Ff'ace.'bs
)’ 5 - - +
needs an (,n;Ee, er 31‘1.0[ of side LenJ‘f:L, ot leas

+4 4
W 3EN e L (1ren)
"
oas el —»

W S d=3: Q(n?/3)
((BO\NM\Y Awnd Ld.’r‘w..gv\ 1qqg+) _
Jca‘te. the convex hull QP the (M,*-e,jer‘ Poin}_!‘
-L.'A a ster-e. DF aFProPnafe., rgdms
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Zickfeld (2007):

Certain classes of stacked polytopes need only a
polynomial-size grid.

Bérany and Rote (2006):
Strictly convex drawings on an O(n?) x O(n?) grid.

Fixing the planar projection and then minimizing z is
not a good idea.
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Other uses of Tutte embeddings  reicuersiai (s ser

Pach and Téth (2002):
Monotone drawings of planar graphs (by induction and
case analysis)

Chrobak, Goodrich, and Tamassia (1996):

Polytopes with given x-coordinates (for example,
1,2,3,...).

Ribé (2006):
— perturbation of self-touching linkages
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Inductive method (Das&Goodriche e {4

for triangulated polytopes.

Find a large independent set of degree < &.

Contract an incident edge for each vertex (in parallel),
maintaining 3-connectivity.

— linear-time algorithm, fast parallel algorithm

O(logn) rounds; in each round the bit-size is multiplied
by a constant factor.
— bit-size = poly(n)
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