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Extremal Combinatorial Geometry Free Universtét o1

‘triangulations )
How many < non-crossing matchings
. non-crossing X )

can a set of n points have {

at most?
at least?

https://adamsheffer.wordpress.com/numbers-of-plane-graphs/
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Lower Bound: Explicit Construction Freie niversitie ol 1

¢ Berlin

e Think of some type of regular construction

e Find a formula for the number of non-crossing X

e .. SN W B
a Non-crossing
perfect matching

|

Giinter Rote, Freie Universitat Berlin Lattice Paths with States, and Counting Geometric Objects via Production Matrices Big Budapest Combinatorics and Geometry Seminar, September 13, 2023



Lower Bound: Explicit Construction Free Universitat

e Think of some type of regular construction

e Find a formula for the number of non-crossing X
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Lower Bound: Explicit Construction Freie Universita (ol 1

¢ Berlin

e Think of some type of regular construction

e Find a formula for the number of non-crossing X

the generalized
double zigzag chain
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Berlin

GZ 20,
Lattice Paths with States -
%m»‘

o Finite set of states () = {0, o,m, 0, A,.. }

e For each q € Q, a set S, of permissible steps ((¢,7),q’):

From point (x,¥) in state ¢, can go to (z + 4,y + 7) in

state ¢’ (3.2 4

Wanted: The number of paths from (0,0) in state gq
to (n,0) in state ¢; that don't go below the x-axis.
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Formula for Lattice Paths with States it Lo et
(3,2) : characteristic matrix
6] —1 A(t,U) —
(4, ) ( P O Il \
° Ay 101 32
— i o | t3 + t7u? 0 0
(27]) — t'u \ 0 0 t4 1 t3u—1 0 /

Conjecture: The number of paths from (0,0) in state ¢
to (n,0) in state g; that don't go below the x-axis is

~ const - (1/t*)" - n=3/2,

where
(1) A(t*,u*) has largest (Perron-Frobenius) eigenvalue 1.
| = det(A(t,u) — 1) =0]
(2) u* > 0 is chosen such that the value t* > 0 that fulfills (1)
is as large as possible. | = a% det(A(t,u) —I) =20 |
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Formula for Lattice Paths with States
(3,2) 6, 1) :: At u) = characteristic matrix
o O H
(4, —4) ( 4, —4 6, —1 3.2 \
° " u t°u t°u
— o | t7 4 tou’ 0
(27]) — T u \ 0 0 t4—|—t3U_1 0 /

Conjecture: The number of paths from (0,0) in state ¢
to (n,0) in state g; that don't go below the x-axis is

~ const - (1/t*)" - n=3/2,

under some obvious technical conditions:
e state graph is strongly connected
e no cycles in the lattice paths
e aperiodic
o
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M EthOd Pl pel | ne Freie Universitat (LS ‘

How many X does point set Y have?

MODEL

production matrix

REMODEL

4
lattice paths with states

ANALYZE

Answer: roughly \"
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OSTITIA
Method Pipeline Freie Universitit
\\l'{E\jST’é

How many X does point set Y have?

MODEL
(an art)

production matrix

REMODEL
(a bit of an art)

4
lattice paths with states

ANALYZE
(routine) (theory is still half-baked)

Answer: roughly \"
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Method Pipeline Freie Universitit

How many X does point set Y have?

1(\40DE15 (a bit of an art)
an art

production matrix dynamic programming
REMODEL
(a bit of an art) (straightforward)

4
lattice paths with states

ANALYZE
(routine) (theory is still half-baked)

Answer: roughly \"

Giinter Rote, Freie Universitat Berlin Lattice Paths with States, and Counting Geometric Objects via Production Matrices Big Budapest Combinatorics and Geometry Seminar, September 13, 2023



Overview

Freie Universitit ‘@
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Introduction. Point sets with many noncrossing X
The lattice path formula with states (preview)
Method pipeline

Overview

Example 1: Triangulations of a convex n-gon
Production matrices

Example 2: Noncrossing forests in a convex n-gon

Example 3: The generalized double zigzag chain.

Proof idea 1. Analytic combinatorics

Proof idea 2. Random walk
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riangulations of a convex n-gon Feie Universtet o |

d, =5

dn—l—l — n
n+ 1

2 2
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riangulations of a convex n-gon

d, =5 d —

dn—l—l — n
n—+1

2 2
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riangulations of a convex n-gon

d, =5 d —

dn—l—l — n
n+ 1
o
1 1
h e 2 2

n dn—|—1:2,3,...,d—|—1 d, =d

n
n+ 1
L
1 1
2 2

4 3 4 3

Giinter Rote, Freie Universitat Berlin Lattice Paths with States, and Counting Geometric Objects via Production Matrices Big Budapest Combinatorics and Geometry Seminar, September 13, 2023




riangulations of a convex n-gon

d, =5 d —

dn—l—l — n
n+ 1
o
1 1
h e 2 2

v dn—|—1:2,3,...,d—|—1 d, =d

n
n+ 1
L
1 1
2 2

4 3 4 3
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riangulations of a convex n-gon Freie Universitat

Triangulation of n-gon with last vertex of degree d,, = d
%

Triangulation of (n 4 1)-gon with last vertex of degree

dpt1=2o0r3ordor ... ord, ord+1

| Hurtado & Noy 1999 |
“tree of triangulations”

n d’n—|—1:2737°°°7d+1 d,,;)/:d
n+ 1

432 432
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riangulations of a convex n-gon ree Universtse o pertin

Triangulation of n-gon with last vertex of degree d,, = d
%

Triangulation of (n 4 1)-gon with last vertex of degree

dpt1=2o0r3ordor ... ord, ord+1
A | Hurtado & Noy 1999 |

/\ “tree of triangulations”

1 5 1 5 54 5 54 51 54 g 5 S 54 s 5 g 5 1 S 54 s 54 g 5
@‘@@‘2 ‘@S@‘z@‘@‘@z@‘z@‘@‘:@‘
3 3 3 3 3 3

3 3

Fig. 4. Levels three to six of the tree of triangulations.
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riangulations of a convex n-gon ree Universtse o pertin

Triangulation of n-gon with last vertex of degree d,, = d
%

Triangulation of (n 4 1)-gon with last vertex of degree

dpt1=2o0r3ordor ... ord, ord+1
A | Hurtado & Noy 1999 |

/\ “tree of triangulations”
< b
/\ /N

) 5 5 5 5
1651651651‘516516516516516516565165165165
3 3 3 3 3 3 3 3 3 3 3 3 3 3

Fig. 4. Levels three to six of the tree of triangulations.
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riangulations of a convex n-gon Freie Universitat

Triangulation of n-gon with last vertex of degree d,, = d
%

Triangulation of (n 4 1)-gon with last vertex of degree

dpt1=2o0r3ordor ... ord, ord+1

| Hurtado & Noy 1999 |
. o “tree of triangulations”

> QL

triangulation

)

lattice path

n

o
o
o o
o o
[ » o o o o o o
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Production matrices Freie Uriverstat (|

A [ ] [ ] ] [ ] [ ] ]

e o o o o count paths N

o o . e o o a layered graph

The answer is (1

OO =

O = = e

— e

—_
-

1
0
(1 0O O ) 0
0

\55555:::)

\ J

\/

the “production matrix’ P
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Production matrices for enumeration Freieumversitatserun

were introduced by Emeric Deutsch, Luca Ferrari, and Sirhdne
Rinaldi (2005).

were used for counting noncrossing graphs for points in convex
position: Huemer, Seara, Silveira, and Pilz (2016)
Huemer, Pilz, Seara, and Silveira (2017)

(0 1 1 1 ...\ /23 45 ..\ /1 1 1 1..)

1 0 1 1 ... 1 2 3 4 ... 1 3 4 5 ...

0O 1 0 1. 0o 1 2 3. 0 1 3 4 .

0O 0 1 0. 0O 0 1 2. 0O 0 1 3.

0O 0 0 1 ... 0O 0 0 1 ... 0O 0 0 1 ...

\: S / \: S / \: S /
matchings spanning trees forests
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Making the degree finite ree Uriversic o 1

A e o o o o o
©c o o o o o o METHOD 1I:
e o o vertical edges for
¢ o o partial summation

‘ . o« o o Number of paths
‘ . c o o IS preserved:

? o o e o o 1 forward step

°© o o + any number of
L °© o o vertical steps

—eo—o P )
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Making the degree finite

Shearing
— Dyck paths
— Catalan numbers

‘ . o« o o Number of paths
‘ . c o o IS preserved:

? o o e o o 1 forward step

°© o o + any number of
L °© o o vertical steps

—eo—oPp 1)
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> NV Berlin

Example 2: Forests

SO = WK
S = W s =
— W s Ot =
W k= Ot Oy
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Example 2: Forests

Freie Universitat |

Berlin

/1

v

|
o O O =
OO = W
SO = W k=
= W = Ot
W = Ot O

o

Irregularities at the boundary
can be ignored.
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AOSTITIA
/%@\

Example 2: Forests Freie Universitat (]

\ Irregularities at the boundary
can be ignored.

/1

v

|
o O O =
OO = W
SO = W k=
—_ W = Ot =
W = Ot O

® ® ® ® ® —Pp 1)
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Example 2: Forests

Freie Universitit ‘@

/1

o

|
o O O =
OO = WK

\ Irregularities at the boundary
can be ignored.

S = W s
= O = Ot
W = Ot Oy

METHOD 11I:

intermediate layers

R SRRSYS
DI S

Glnter Rote, Freie Universitat Berlin
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Example 2: Forests

Freie Universitit ‘@

/1

o

|
o O O =
OO = WK

S = W s
= O = Ot
W = Ot Oy

e o
¢ o e o
¢ o e o
¢ o e o
¢ o e o
®©—eo . ® ° > 1

Glnter Rote, Freie Universitat Berlin

Lattice Paths with States, and Counting Geometric Objects via Production Matrices

\ Irregularities at the boundary
can be ignored.

METHOD 11I:

intermediate layers
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é Sfﬂfij{: A
Example 2: Forests Freie Universitt [\
g kEé!S?:S//

\ Irregularities at the boundary
can be ignored.

/1

® O

v

|
o O O =
OO = W
SO = W k=
—_ W = Ot =
W = Ot O

A= o |t +tu™? tu
) tu tu

® ® ® ® ® —Pp 1)
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Berlin

- * * /{U \S'Sfl'lii'{\
SOlVl ng fOI’ t a nd U Freie Universitat (/L8 )

/det(A—I):O

0. (—t?ub —t3ut +ttu? +ut -2t +tHu"t =0
D

3 2
A — t thtu tu

O T T T T T T T T T T >t
0 0.2 04 ¢* 0.6 0.8 1
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SOlVl ng fOI’ t* an d U* Freie Universitat 1 Berlin

0.5 1

%det(A—[):O

///det(A—I):O

—3ut 2+ ut — 2 tu? +t2 =0

A_(t3+tu 2 tu)

(—t=u

0
0

Gilinter Rote, Freie Univers

0.2

itat Berlin

0.4 *

Lattice Paths with States, an

1 ' ] ' ] > t
0.6 0.8 1

d Counting Geometric Objects via Production Matrices Big Budapest Combinatorics and Geometry Seminar, September 13, 2023



. /\\;"sf,Tlrii'Aj
SO|V| n g fOF t an d u Freie Universitdt if ”"‘ Berlin
\\l'{EﬁT’i{

We know that there is a unique
local (= global) maximum «*

0.5 1

L det(A—1)=0

///det(A—I):O

(—t?ub —t3ut +ttu? +ut -2t +tHu"t =0

3 2
A — t thtu tu

0

0

Glnter Rote, Freie Universitat Berlin

Lattice Paths with States, an

———

0.4 $* 0.6 0.8 1
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] * * J@g’sfﬂﬁ{\t |
SOlVl ng for t a nd U Freie Universitat @@ )

h We know that there is a unique

2 local (= global) maximum u*

L5- (1/t*)3 = 8.22469154098
. in accordance with Flajolet & Noy (1999)

L det(A—1)=0

///det(A—[)—O

(—t?ub —t3ut +ttu? +ut -2t +tHu"t =0

A_(t3+tu 2 tu)

O T T T T T T T T T T »t
0 0.2 04 ¢* 0.6 0.8 1
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Example 2a: Trees and Serendipity Freie Universitit (ol

& )

v

|
o O O =
O O~ DN W
O = N W
= DN W = Ot
DN W = Ot OO

\3 Ce ) The extra edge Is not needed.

® ® ® ® ® —Pp 1)
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Example 2a: Trees and Serendipity Free Universtét o1

& )

v

|
o O O =
O O~ DN W
O = N W
= DN W = Ot
DN W = Ot OO

\3 Ce ) The extra edge Is not needed.

¢ o ° Only one type of node!

4 . c o One state is sufficient.
¢ ° [ [ o a/J/p
® ° ° ° P G/J/p

o)

® ® ® ® ® —Pp 1)
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EXample 2b Graphsr and 2C PathS FreieUniversitétwé

( Y

- O OO O = =
- O O O N W
- OO N == W
- O W
N R R W
= s = s W
- OOk O =
- O === O
=== OO
- OO = O O O
- O = = O O O
—_ == O O O

geometric graphs paths

Huemer, Seara, Silveira, and Pilz (2016)
Huemer, Pilz, Seara, and Silveira (2017)
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Example 2b: Graphs, and 2c: Paths

2 Ke2)

1/ ~ \ Ve
c(L Sl V¢ Berlin
& T )

AN 5

( Y

- O OO O = =
- O O O N W
- OO = W
- O W
DN R R e W
> s s e W

________________________________

geometric graphs

two states

Huemer, Seara, Silveira, and Pilz (2016)
Huemer, Pilz, Seara, and Silveira (2017)
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Example 3: Geometric graphs

1)5 Berlin
5

the generalized double zigzag chain
[ Huemer, Pilz, and Silveira 2018 ]

[ Asinowski and Rote 2018 | for matchings

NN DN DN =
(NI NI NI N R

1
0
0
0
0

O OO DN =
OO N DN =

\5555;.-:..)

o OO -

%

OO Rk OO

O RO O O

_ o O O O
oSO O O O

P=R+SR*+SUI+S)R+S{I+5)?

Big Budapest Combinat:

orics and Geometry Seminar, September 13, 2023



Example 3: Geometric graphs

5 Berlin
5

P=R}+SR2+S(I+ S)R+ S(I

O N DN =
(NN AR N
@)
|
S O
o = O O
= o O O
o O O O
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A= - 0

D)
\ P! t

1/t* = 44+/2 + 62 ~ 124.225
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Conjecture: The number of paths from (0,0) in state ¢
to (n,0) in state g; that don't go below the x-axis is

~ const - (1/t*)" - n=3/2,
where
(1) A(t*,u*) has largest (Perron-Frobenius) eigenvalue 1.
| = det(A(t,u) —1) =0]
(2) w* is chosen such that the value t* that fulfills (1) is as
large as possible. | = a% det(A(t,u) — 1) =0 |

APPROACHES:
A) Analytic Combinatorics, “square-root-type” singularity
B) Probabilistic interpretation, random walk

C) Pedestrian, induction

Big Budapest Combinatorics and Geometry Seminar, September 13, 2023
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) Berlin

i,
POSSI ble P rOOfS Freie Universitit ‘ ) o
Qﬁx‘

Conjecture: The number of paths from (0,0) in state ¢
to (n,0) in state g; that don't go below the x-axis is
~ const - (1/t*)" - n=3/2,

where
(1) A(t*,u*) has largest (Perron-Frobenius) eigenvalue 1.

| = det(A(t,u) —1) =0]
(2) w* is chosen such that the value t* that fulfills (1) is as
large as possible. | = a% det(A(t,u) — 1) =0 |

APPROACHES:
A) Analytic Combinatorics, “square-root-type” singularity

Special case 1: One state. All steps of the form (1, 7). — t'u/
| Banderier and Flajolet, 2002 |

[ det(A(t,u) — 1) =1-Qu) =1 =0, Q’( )=0]

Lattice Paths w ith States , and Counting Geometr ic Objects via Production Matrices udapest Combinatorics and Geometry Seminar, September 13, 2023
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Special case 1: One state. All steps of the form (1,5). — t'u/
| Banderier and Flajolet, 2002 |

[ det(A(t,u) —I)=t-Qu)—1=0, Q(u)=0]

Special case 2: Lattice paths with forbidden patterns

use the “vectorial kernel method”
| Asinowski, Bacher, Banderier, Gittenberger, 2019 |
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Analytic Combinatorics

Special case 1: One state. All steps of the form (1,5). — t'u/
| Banderier and Flajolet, 2002 |

[ det(A(t,u) —I)=t-Qu)—1=0, Q(u)=0]

Special case 2: Lattice paths with forbidden patterns

use the “vectorial kernel method”
| Asinowski, Bacher, Banderier, Gittenberger, 2019 |

Use an unambiguous context-free grammar

E.g. D — e |+D-D  for Dyck paths

Chomsky—Schutzenberger enumeration theorem from 1963
— generating function is algebraic.

Giinter Rote, Freie Universitat Berlin Lattice Paths with States, and Counting Geometric Objects via Production Matrices Big Budapest Combinatorics and Geometry Seminar, September 13, 2023
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Conjecture: The number of paths from (0,0) in state ¢
to (n,0) in state g; that don't go below the x-axis is

~ const - (1/t*)" - n=3/2,
where
(1) A(t*,u*) has largest (Perron-Frobenius) eigenvalue 1.
| = det(A(t,u) —1) =0]
(2) w* is chosen such that the value t* that fulfills (1) is as
large as possible. | = a% det(A(t,u) — 1) =0 |

APPROACHES:
A) Analytic Combinatorics, “square-root-type” singularity
B) Probabilistic interpretation, random walk

C) Pedestrian, induction

Big Budapest Combinatorics and Geometry Seminar, September 13, 2023



Berlin

Possible Proofs Freie Universitit Lol

Conjecture: The number of paths from (0,0) in state ¢
to (n,0) in state g; that don't go below the x-axis is
~ const - (1/t*)" - n=3/2,
where
(1) A(t*,u*) has largest (Perron-Frobenius) eigenvalue 1.

| = det(A(t,u) — 1) =0]
(2) w* is chosen such that the value t* that fulfills (1) is as

large as possible. | = a% det(A(t,u) — 1) =0 |
(3) Let ¥ and w0 be left and right eigenvectors of A(t*, u*) with
eigenvalue 1. Then 9,

. —A U= “u’).
5 (t,u) -w=0at (t*,u™)

(1)A(2) & (1)A(3). (linear algebra)
(1) = Nigy).q < vgt™*u™Y by induction, = N, o)y = O(t™")
‘K——a// paths to (x y) mcludmg those that go negative

metry Seminar, September 13, 2023
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Berlin

Random walk Freie Universitit Lol
\@Tml‘//

The effect of edge weights t‘u’:
t: Path weights from (0,0) to (n,0) are multiplied by ¢™.
u: Path weights from (0,0) to (n,0) are unaffected by !

Use entries a,- of A = A(t,u) as “weights” for a random walk.

0.71 0.25 0.05
A= 1031 0.00 0.02 ], eigenvalue 1, right eigenvector w

3.15 0.66 0.12

Wy

Use right eigenvector w to rescale: pg, := Qgr s
— stochastic matrix with transition probabilities p,
Path weights from (0,0) to (n,0) are multiplied by wg, /wq, .

#paths = const - (1/t)™ - Pr|walk nonnegative & reaches (n,0)]
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#paths = const - (1/t)” - Prlwalk nonnegative & reaches (n,0)]

\ . _J/
V

The place where the walk hits the
line x = n is approximately Gaussian.

If the mean is not 0, then this is exponentially small.

Use u to make the walk balanced. In t'u’, Up-steps (j > 0)
are favored (u > 1) or penalized (u < 1) over down-steps.

. . . !
Average vertical drift = qu : Z J " Pq.(i,5),r =0
q ((4,5),m)ES,
stationary distribution over the states
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Make the random walk balanced ree Unversic | o eri

Average vertical drift = Zﬂ'q : Z J " Dq,(i.5).r =0
q ((¢,7),r)€S,

2 brings out the factor j from t'u’:
Example: Step (8,5) — agr = t5u®

a@t8u5 = 5ty — uait8u5 = 5t8u° = dQgr
u u

“No-drift” condition: v - ( agA(t u)) - =0
U

left eigenvector = stationary distribution
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Local Limit Theorems e Universtse | o

Still want to show, for a balanced walk:

Pr[walk nonnegative A reaches (n,0)] ~ const - n~3/2

Classical Local Limit Theorem:
Prob[sum of n i.i.d. random variables with mean 0 lies in some
small region around 0] ~ const - n~1/2 [ Gnedenko, Stone ]

Needs to be adapted to sign-restricted case (y > 0) and
several states.
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Local Limit Theorems e Universtse | o

Still want to show, for a balanced walk:

Pr[walk nonnegative A reaches (n,0)] ~ const - n~3/2

Classical Local Limit Theorem:
Prob[sum of n i.i.d. random variables with mean 0 lies in some
small region around 0] ~ const - n~1/2 [ Gnedenko, Stone ]

Needs to be adapted to sign-restricted case (y > 0) and
several states.

C) “Pedestrian” approach. Pioneered for a special case with
two states in Asinowski and Rote (2018).

e O((1/t*)™) by induction.
o Q((1/t* — &)™) for every € > 0, by induction.
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he necessity of two states Freie Universita (ol 1

¢ Berlin

e Count non-crossing perfect matchings in the generalized
double zigzag chain

the generalized
double zigzag chain
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Berlin

he necessity of two states ree Unversiet o

e Count non-crossing perfect matchings in the generalized
double zigzag chain

a Non-crossing
perfect matching

|
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Berlin

he necessity of two states ree Universict (o

e Count non-crossing perfect matchings in the generalized
double zigzag chain

.&'HT*'\-H."”-"'\'

a Non-crossing
perfect matching

—o ¢ ‘ °

Giinter Rote, Freie Universitat Berlin Lattice Paths with States, and Counting Geometric Objects via Production Matrices Big Budapest Combinatorics and Geometry Seminar, September 13, 2023



Berlin

he necessity of two states ree Unversiet o

e Count non-crossing perfect matchings in the generalized
double zigzag chain

e Count down-free matchings in a single zigzag chain

o o

.&.HN‘H.."T..\.
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Berlin

he necessity of two states ree Unversiet o

e Count non-crossing perfect matchings in the generalized
double zigzag chain

e Count down-free matchings in a single zigzag chain
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he necessity of two states ree Uriversic o 1

e Count non-crossing perfect matchings in the generalized
double zigzag chain

e Count down-free matchings in a single zigzag chain

dynamic programming
from left to right
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he necessity of two states ree Uriversic o 1

e Count non-crossing perfect matchings in the generalized
double zigzag chain

e Count down-free matchings in a single zigzag chain

dynamic programming
_\ from left to right

Is this point matched or not?
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Extensions and Questions ree Unversit | o |

e higher dimensions: jumps (i, j, k)
e jumps (7,7) € R?, not necessarily on the grid
e Prove that the local maximum u™ is a strong maximum

U
e real weights ¢ > 0 v ‘
weights ¢ < 07 |

e other applications of )
production matrices or
lattice paths with states

»

t*
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