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Dissecting a Square into an Odd Number

of Triangles of Almost Equal Area

Jean-Philippe Labbé, Gunter Rote, Gunter M. Ziegler
Freie Universitat Berlin

THEOREM (P. Monsky, 1970)

If n is odd, there is no
dissection of the square into
n triangles of equal area.

dissection == triangulation
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Measuring Area Deviation Freie niversitie ol 1

¢ Berlin

1
areas aq, ..., ay, target area = -

e Root-mean-square error (RMS, standard deviation):

1
RMS := | =) (a; — 1)
"

e Range:

range := max a; — min a;
1<i<n 1<i<n

range

2/

< RMS < range
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Lower and Upper BOUHCIS FreieUniversitété\;

range > 5200 (doubly-exponential)

Proof: Gap theorems from real algebraic geometry

A family of dissections for every n with

1 1 .
range < g =5 = a(ioa? ) (superpolynomial)

Previous results:

e Numerical experiments, exhaustive enumeration for small n

(Katja Mansow, 2003)
e A family of triangulations with range < 1/n°

(Bernd Schulze, 2011)
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e Introduction: Problem statement and results

e Review of Monsky’s proof (2-adic valuation, Sperner’s
emma)

e Modeling the problem

e Lower bound via a gap theorem

e Numerical experiments

e Systematic construction (Thue-Morse sequence)

e More numerical experiments

e Speculations
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Monsky: 3-coloring of the plane ree Unversice o

2-adic valuation of R
— coloring of R x R with three colors A, B, C

Crucial property:
A rainbow triangle cannot have area 0 or - for odd n.
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Monsky: 3-coloring of the plane Free Universtét o1

2-adic valuation of R
— coloring of R x R with three colors A, B, C

Crucial property:
A rainbow triangle cannot have area 0 or - for odd n.

Parity argument like for Sperner’s lemma:

If the boundary of a polygon has an odd number of

AB-colored edges,
then every dissection has an odd number of rainbow triangles.

B e e A

C e o A
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Lower Bound: Modeling Collinearity Feie Universiat ] Wl |

e Lock at all maximal line segments
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e Lock at all maximal line segments
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Lower Bound: Modeling Collinearity Frei Universitat (| o

e Lock at all maximal line segments

e Open them up

e TIriangulate them arbitrarily.
— combinatorial triangulation of a 4-gon,
with additional zero-area triangles Z
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e Lock at all maximal line segments

e Open them up

e TIriangulate them arbitrarily.
— combinatorial triangulation of a 4-gon,
with additional zero-area triangles Z
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Lower Bound: Modeling Collinearity Frei Universitat (| o

e Lock at all maximal line segments

e Open them up

e TIriangulate them arbitrarily.
— combinatorial triangulation of a 4-gon,
with additional zero-area triangles Z

Area 0 does not enforce collinearity!
3

1

Dissecting a square into an odd number of triangles of almost equal area

Glnter Rote, Freie Universitat Berlin Discrete Geometry Fest, Budapest, May 15-19, 2017



Area DeVIatIOI’] POlynomlaI Freie Universitat ‘z %

¢ Berlin

n triangles, areas aq,...,a,

v unknown vertex positions (apart from the 4
fixed corners of the square)
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¢ Berlin

n triangles, areas aq,...,a,

v unknown vertex positions (apart from the 4
fixed corners of the square)
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n triangles, areas aq,...,a,

v unknown vertex positions (apart from the 4
fixed corners of the square)

T (%) = Z(az(f) — L) T e R*
i=1
. a degree-4 polynomial, RMS = /T(Z)/n
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Area Deviation Polynomial Free Universtse (o

Berlin

n triangles, areas aq,...,a,

v unknown vertex positions (apart from the 4
fixed corners of the square)

T (%) = Z(az(f) — L) T e R*
i=1
. a degree-4 polynomial, RMS = /T(Z)/n

z zero-area triangles, areas by,...,b,

Z

Z(z) =) (b;(%) —0)°

g=1
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Area Deviation Polynomial ree Uriversic o 1

n triangles, areas aq,...,a,

v unknown vertex positions (apart from the 4
fixed corners of the square)

T (%) = Z(az(f) — L) T e R*
i=1
. a degree-4 polynomial, RMS = /T(Z)/n

z zero-area triangles, areas by,...,b,

Z

Z(z) =) (b;(%) —0)°

j=1
T (%) 4+ Z(&) — minl, & € R
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min{ RMS? - n | dissection }

@) =
NS

— min{ T(Z) | £ € R*, Zis a dissection }

> min{ T(Z) | # € R*Y, Z(Z) =0}

> min{ T(Z) + Z(¥) | £ € R*", Z(Z) =0}

> min{ T(Z) + Z(7) | ¥ € R* }

> 0 (a la Sperner and Monsky)
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> min{ T(Z) + Z(7) | ¥ € R* }

> 0 (a la Sperner and Monsky)
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;| Berlin
min{ RMS? - n | dissection }

— min{ T(Z) | £ € R*, Zis a dissection }

> min{ T(Z) | # € R*Y, Z(Z) =0}

> min{ T(Z) + Z(¥) | £ € R*", Z(Z) =0}

> min{ T(Z) + Z(7) | ¥ € R* }

> 0 (a la Sperner and Monsky)
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“An algebraic number oo # 0 cannot be arbitarily close to 0."
(depending on the degree and the size of the coefficients)
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“An algebraic number oo # 0 cannot be arbitarily close to 0."
(depending on the degree and the size of the coefficients)

The DMM bound ( “Davenport—Mahler—Mignotte™ )
[ Emiris—Mourrain—Tsigaridas ,2010 |
e polynomial f(Z) of degree d in k variables
e integer coefficients with < 7 bits
e f(x) > 0 on the unit simplex in R¥

—> min{ f(x) | * € unit simplex } > mpmm

1 _ 2d(d—1)(k_1) (dlogyk+7+1)(k+1)+(k*+3k+1) logyd-+d+2k+1) Ny
MpMM

Giinter Rote, Freie Universitat Berlin Dissecting a square into an odd number of triangles of almost equal area Discrete Geometry Fest, Budapest, May 15-19, 2017



Gap Theorems

(depending on the degree and the size of the coefficients)

The DMM bound ( “Davenport—Mahler—Mignotte™ )
[ Emiris—Mourrain—Tsigaridas ,2010 |
e polynomial f(Z) of degree d in k variables
e integer coefficients with < 7 bits
e f(x) > 0 on the unit simplex in R¥

—> min{ f(x) | * € unit simplex } > mpmm

1

MpMMm

_ [(dlogy k+7+1)(k+1)+(k*+3k-+1) logyd+d+2k+1) e

THEOREM: If the unit square is dissected into an odd number
n of triangles, the range of areas is at least 1/22Q(n).
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1. Generate all combinatorial types of triangulations/dissections
| plantri by Brinkmann and McKay |

2a. [ Katja Mansow 2003 | for triangulations:

Minimize the range numerically
| minmax command of MATLAB |

2b. For dissections: Minimize the squared error (RMS):
Find critical points of T'(Z) + AZ(X).
— system of polynomial equations
[ Bertini of Bates, Hauenstein, Sommese, Wampler |
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Computer Experiments

Freie Universitat ‘
\%\

n =3, RMS

= 0.11786, range = 0.25

Glnter Rote, Freie Universitat Berlin

Dissecting a square into an odd number of triangles of almost equal area

NS

N

N | —

Discrete Geometry Fest, Budapest, May 15-19, 2017



Computer Experiments Freie Uriverscét

n =95, RMS = 0.01030

< the best triangulation found by Mansow:
range = 0.0225
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COm p Utel’ EXpe” mentS Freie Universitat Berlin

n =717, RMS = 0.000778
the RMS-optimal solutions with at most 8 vertices:

the best triangulation found by Mansow:
range = (0.0031
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Computer Experiments Free Universtst

n =9, RMS = 0.000274
the RMS-optimal solution with at most 8 vertices:

best triangulation found by Mansow:
O vertices, range = 0.00014 !
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A Systematic Construction

(0,1) (1,1)

range = O(1/n?)

(0,0) (1,0)
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A Systematic Construction ree Unversi ol

(0,1) (1,1)

n =1 (mod 4)
range = O(1/n°)

(0,0) (1,0)
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A SyStemat|C ConStrUCtlon Freie Universitét Berlin

n — 21°82 ] _ 1 filler triangles
—

| THEOREM:

1+ 0(ln))

ﬁ_/
2llogz n] triangles

use the Thue-Morse sequence s15983... =

t——t—tt——tt—t——F—+—t——F——F—+F—

Giinter Rote, Freie Universitat Berlin Dissecting a square into an odd number of triangles of almost equal area Discrete Geometry Fest, Budapest, May 15-19, 2017



Berlin

Estimating the error
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Berlin
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Estimating the error rie Universit \

1/n

o 0,

n—1

1 —2U Si |
~ 1 U:.= 2%
(7)) ~* :

.

1=1

n—1 .
1 —U !
;S TG0
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Estimating the error Freie Universitit &l 1) Berti

-

1 —U !
W .= Zszln (i—l)U%

n—1

1 — U £+
E:siln e L0
1 (’L—l) T £

W small — ¢ small. = Concentrate on small !

n—1

Zsih’l(]_ —ZU)

1=1

n—1 3
_ZS’L —U — —U2 — §U3

1=1

Try to cancel the first powers of U
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19—29 394495946947 —8°—994+10°+11°—1294+13°—14°—15+16° -
1 -2 -3 +4 -5 +6 +7 —8 =9 +10 +11 —12 +13 —14 —15 +16
17 —27 32442 —5°4+6°+7° -8 —9°+10°+11°—12° 413 —14°—15°+16
19—-2° 3447 —574+6°+7° -8 ~9°+10°+11°-12°+13° -14° 15’ 416" -
14—24 3444t 5tyet47t—8t—0t 100 +11%4—124 4134 — 144 —15% +16% -

Theorem (E. Prouhet 1851)
If f is a polynomial of degree < k then

2k

D - f(i) =0,

i=1
for the Thue-Morse sequence s, so, S3, . . ..
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THEOREM:
For every n, there is a dissection with

8n?

nlogs n

(1+0(kn))

range <
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Systematic is not Always Best Freie niversicc ol ert

n  optimal sign sequence s e = “+range/2
3 ~0.16667

o S E— —|—00125O

[ =+ —0.00010248
9F +——+—++- —0.00016360
11 gy —4.1201x107°
13 +——tt——t—t+- +5.9928 x10~°
15 4ttt —5.2871x1077
17* ++—t——t——t—+——++ —3.4708x10~8
19 +——F——F—F+++——F—+— +4.2052x10~°
21  +—t——t—tt———tttt———+ —5.5778%x107?
23 tt——t——tt——t—tF——t—t—+ +3.5359x 10~
25 Attt ———— ot —— —7.457x10710
27 At——t—t—F—— et —— = — =+ — —1.266x 10719
29 At——— ettt —— bbbt ——— ot —— +9.026x 10712
31 +++—F——F—F—F————F - —+—++ +2.446x 10712
33* 4ttt ————— +—++—+ —1.423x1071?

Discretel Ge;IFnétZFth,7B u%gpelf,

ay 15-19, 2017

Gﬂné éte, Freie Universitat Berlin Dissecting a square into an odd number of triangles of almost equal area
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Systematic is not Always Best e e (|

Example: n = 33
Best sequence:
+-—t—++——++++—+——+++——— F——4++—-

e = —1.4232x10712

Thue-Morse:
+--—t++—++++++—+——++—+—++—
e =1.0615 x 10~ 10

Guarantee from theorem: le| < 6.6565 x 107°

Giinter Rote, Freie Universitat Berlin Dissecting a square into an odd number of triangles of almost equal area Discrete Geometry Fest, Budapest, May 15-19, 2017
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n—1 .

1 —1U !
D siodng— (i— 1)U
1=1 \

RANDOM s; -1

W: approximately Gaussian with 4 =0 and o = Uy/n ~n~

Take N = 2"~! random samples from this distribution.

A f(z)
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Heuristic Explanation Free Universict (o

n—1 .

1 —1U !
D siodng— (i— 1)U
1=1 \

RANDOM s; -1

W: approximately Gaussian with 4 =0 and o = Uy/n ~n~
Take N = 2"~! random samples from this distribution.

A f(z) Near z = 0, these samples are like a
Poisson distribution with density

A= N f(0) ~2"/n3/?

x P o—o | PP P

0 0

— Smallest absolute value = 1/2\ ~ n3/2 /2"
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So far: ldeas for systematic computer experiments.
No general analysis.
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2k
Y siit=0, ford=0,1,....k—1

1=1

Can you annihilate the first £ powers with a SHORTER sign
sequence”?

The Tarry-Escott Problem: Find two distinct sets of integers
a1,...,0, and B1,..., 0, such that

o4+ +al=p8%4+...+5% foralld=0,1,2,....k—1

Try to make n as small as possible.
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