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Grid Peeling of the Square
[ Sariel Har-Peled and Bernard Lidicky 2013 |

The n x n grid has
O (n*/3) convex layers.

Glinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdds Center, Budapest, November 13-17, 2023



Afﬁne Curve—Shortening FIOW (ACSF) FreieUniversitété\é

| L. Alvarez, F. Guichard, P.-L. Lions, J.-M. Morel:
“Axioms and fundamental equations of image processing” 1993 ]

| G. Sapiro and A. Tannenbaum:
“Affine invariant scale-space.” Int. J. Computer Vision 1993 ]

velocity = k'3 (k = curvature)

invariant under area-preserving
affine transformations!

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023



Berlin

Peel | ng an d th o ACS F Freie Universitéat | \

Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.

Experimental Mathematics 29 (2020), 306-316
As the grid is more and more refined, grid peeling approaches

the ACSF.

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023



Peel I ng din d th € ACS F Freie Universitét; \“\\

Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.

Experimental Mathematics 29 (2020), 306-316
As the grid is more and more refined, grid peeling approaches
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Peeling and the ACSF

grid peeling

Glnter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdds Center, Budapest, November 13-17, 2023
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Peeling and the ACSF Freie Um-versitat

Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.

Experimental Mathematics 29 (2020), 306-316
As the grid is more and more refined, grid peeling approaches

the ACSF.

ACSF at time T’ ~ Grid peeling on -grid after C;Tn?/3 steps.

The value of the constant: (Moritz Riiber and Giinter Rote)

70
Cy={ ~ 1.60120980542577
TV 2¢(3)

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023
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Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.

Experimental Mathematics 29 (2020), 306-316
As the grid is more and more refined, grid peeling approaches

the ACSF.

— Jeff Calder and Charles K Smart. The limit shape of convex hull peeling. Duke Math. J. (2020)
random points

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023
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Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.

Experimental Mathematics 29 (2020), 306-316
As the grid is more and more refined, grid peeling approaches

the ACSF.

— Jeff Calder and Charles K Smart. The limit shape of convex hull peeling. Duke Math. J. (2020)
random points
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Peeling and the ACSF

ST
27

Freie Universitat '& z
OS2,

Jeff Calder and Charles K. Smart. The limit shape of convex hull peeling. 2020
10000 random points in the shaded region

&

Glnter Rote, Freie Universitat Berlin

Grid peeling and the affine curve-shortening flow

—

—

Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023
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Peeling and the ACSF Freie niversitie ol 1

Conjecture:

David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.
Experimental Mathematics 29 (2020), 306-316

As the grid is more and more refined, grid peeling approaches
the ACSF.

ACSF at time T’ ~ Grid peeling on -grid after C;Tn?/3 steps.

Jeff Calder and Charles K Smart. The limit shape of convex hull peeling. Duke Math. J. 169 (2020)

Theorem:
ACSF at time T ~ Peeling on density-n? set after C,Tn*/3

steps.
Cy=~=16, C.~13

e Invariant under affine transformations?

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023



Homotopic peeling

Freie Universitit

[ Sergey Avvakumov and Gabriel Nivasch 2019 |

Glnter Rote, Freie Universitat Berlin

Grid peeling and the affine curve-shortening flow

Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023



Homotopic peeling

Freie Universitat

[ Sergey Avvakumov and Gabriel Nivasch 2019 |

Glnter Rote, Freie Universitat Berlin

Grid peeling and the affine curve-shortening flow

Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023
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Glnter Rote, Freie Universitat Berlin
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Freie Universitit

[ Sergey Avvakumov and Gabriel Nivasch 2019 |

Glnter Rote, Freie Universitat Berlin

Grid peeling and the affine curve-shortening flow

Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023
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‘;-\:I Berlin

he parabolal
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he parabolal

Berlin

affine lattice-preserving
shearing transformations
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Lemma:
Horizontal period H = lem(ap,bp) or H = lem(ap,bp)/2

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023



CO NICS Freie Universitat g

¢ Berlin

Conics maintain their shape under ACSF.

e Ellipses (and circles) shrink (and collapse to the center).
e Parabolas are translated.
e Hyperbolas expand.

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023
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CO NICS Freie Universitit ‘: 5
\ lkss"x;ﬂi‘/

Conics maintain their shape under ACSF.

e Ellipses (and circles) shrink (and collapse to the center).
e Parabolas are translated.
e Hyperbolas expand.

David Eppstein, Sariel Har-Peled, and Gabriel Nivasch 2020:

oooooooooooooooooooooooooooooo

|

oooooooooooooooooooooooooooooo

ooooooooooooooooooooooooooooo

oooooooooooooooooooooooooooo

oooooooooooooooooooooooooo

oooooooooooooooooooooooooo

layers 5, 10, ..., 30 of N?
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S, .
CO NICS Freie Universitit ‘: 5
\ lkss"x;ﬂi‘/

Conics maintain their shape under ACSF.

e Ellipses (and circles) shrink (and collapse to the center).
e Parabolas are translated.
e Hyperbolas expand.

David Eppstein, Sariel Har-Peled, and Gabriel Nivasch 2020:
o THEOREM:

LI The n-th layer of N? is sandwiched
L between two hyperbolas;

\ooiiiii c1n®/?

< zy < cgn3/?

oooooooooooooooooooooooooo
oooooooooooooooooooooooooo
ooooooooooooooooooooooooo
oooooooooooooooooooooooo
ooooooooooooooooooooooo

R S s 2
SRR (except within y/nlog”n of the axes)
layers 5, 10, ..., 30 of N?

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023




Berlin

A OSIITIA
CO NICS Freie Universitit :{/ Sl /)2
g ’i\j,TT"i{//

Conics maintain their shape under ACSF.

e Ellipses (and circles) shrink (and collapse to the center).
e Parabolas are translated.
e Hyperbolas expand.

THEOREM. Parabola y = az?/2 + bz +c. Time T > 0.
(A) ACSF = a vertical translation by a'/3T.

(B) Grid peeling with spacing 1/n for m = |C,Tn*/3] steps:
— vertical distance between (A) and (B) is

Ta?/3log &
O 73 <. (— 0 for n — oc0)
n

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023



A OSIITIA
CO NICS Freie Universitit :{/ Sl /)2
g li!j,TT’S//

Berlin

Conics maintain their shape under ACSF.

e Ellipses (and circles) shrink (and collapse to the center).
e Parabolas are translated.
e Hyperbolas expand.

THEOREM. Parabola y = az?/2 + bz +c. Time T > 0.
(A) ACSF = a vertical translation by a'/3T.

(B) Grid peeling with spacing 1/n for m = |C,Tn*/3] steps:
— vertical distance between (A) and (B) is

Ta?/3log &
O 73 <. (— 0 for n — oc0)
n

Unimodular transformation:
vertical axis — axis with arbitrary rational slope

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curve-shortening flow Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023



he “grid parabola™ P,

Freie Universitat J

e Integer parameter t > 1
e S;:={ all slopes a/bwith 0 <b<t}

e for each slope a/b € S, take the longest integer vector

() =k() (keZ)

with 0 <z <t

Glnter Rote, Freie Universitat Berlin

Example

Grid peeling and the affine curve-shortening flow

------------

-
oooooooooooo

-
ooooooooooooo

.- slope 2/5

>

Graph Drawing and Combinatorial Geometry Workshop, Erdés Center, Budapest, November 13-17, 2023
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e Integer parameter t > 1

e S;:={ all slopes a/bwith 0 <b<t}

e for each slope a/b € S, take the longest integer vector

() =k() (keZ)

with 0 <z <t

Glnter Rote, Freie Universitat Berlin

Example

Grid peeling and the affine curve-shortening flow
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Grid peeling and the affine curve-shortening flow
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he “grid parabola” P;

parabola

1 9
= 21, ¢

Theorem:

t odd: The polygon P, repeats after t steps, one level higher.
(t even: after t + 1 steps.)
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‘;-\:I Berlin
n=7175

area = 7307.5
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Asym ptOtIC pe ”Od Freie Universitat Berlin

Hi, Hs,...=1,4,11,22,43,64,107,150, 211,274, 385, . ..
[ OEIS A174405 ]

t N\ N\
O<y<az<t 1<i<t dli
ged(z,y)=1

2(3)

2

with ((3) =1+ 55 + =5 + 25 + - - - = 1.2020569
[ Sdndor and Kramer 1999 |

t3 + O(t*logt)
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Durchschnittliche vertikale Verschiebung

ime period for various parabolas

y = azr? + bx

average vertical speed depending on a (various values of b)
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Random-set peeling

Jeff Calder and Charles K. Smart. The limit shape of convex hull peeling. 2020

semiconvex peeling, on a cylinder
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What happens at a jump? Free Universite o

JUMP RULES:

e jump to the next grid line of slope s

o fill the extended strip [Ls, R,] as much as possible
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| KUNST AUFRAUHEN

4
cf. Ursus Webhrli:
Kunst aufraumen
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