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® connected.
e diameter
O(nz)

O(n) in convex position
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e connected.
% e diameter
O(n?)
% O(n) in convex position

g % Subgraphs of the flip graph:

maximum degree < k (small)
B e connected?

e diameter?

N General question: Local transformations
between combinatorial structures
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For points in convex position, the flip graph
of triangulations with degree < k is

e disconnected, for £k =4,5,6

e connected, for k > 7. The diameter is O(n?).

For points in general position, the flip graph of
triangulations with degree < k can be disconnected,
for any k.
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Points in Convex Position e Universic | M

maximum degree k < 4:
zigzag triangulations

No edge can be flipped without
creating a degree-b vertex.
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maximum degree k < 5: maximum degree k < 6:
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Theorem. Let £ > 7.

Any two triangulations of a set of n points with
maximum degree < k can be transformed into each
other by a sequence of O(n?) flips, without exceeding
vertex degree k.

Proof strategy:

“canonical”

any triangulation ' ~~_"N_"» _
y 5 triangulation C
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Theorem. Let £ > 7.

Any two triangulations of a set of n points with
maximum degree < k can be transformed into each
other by a sequence of O(n?) flips, without exceeding

vertex degree k.

“canonical” = zigzag triangulation

Proof strategy: TSN

any triangulation T' ~~_""~_"» c.anonlca.l
triangulation C

Glinter Rote, Institut fir Informatik, Freie Universitat Berlin Flip graphs of bounded-degree triangulations, EuroComb09, Bordeaux, September 7-11, 2009



COI’]VEX POSlt'On, k Z 7 Freie Universitat /ggBerlin

Theorem. Let £ > 7.

Any two triangulations of a set of n points with
maximum degree < k can be transformed into each
other by a sequence of O(n?) flips, without exceeding

vertex degree k.

“canonical” = zigzag triangulation

Proof strategy: TS

any triangulation T' ~~_""~_"» c.anonlca.l
triangulation C

%

another triangulation 7/ —\_"" triangulation C’
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Theorem. Let £ > 7.

Any two triangulations of a set of n points with
maximum degree < k can be transformed into each
other by a sequence of O(n?) flips, without exceeding

vertex degree k.

“canonical” = zigzag triangulation

Proof strategy: TS

any triangulation T & ~_"~_"» c.anonlca.l
triangulation C

%

another triangulation 7" €~\_/» triangulation C’
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T h e D ua | G Fa p h Freie Universitit / k
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schematlic drawing
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schematlic drawing

ears (degree 1, leaves)
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schematlic drawing

ears (degree 1, leaves)
(degree 2)

Glinter Rote, Institut fir Informatik, Freie Universitat Berlin Flip graphs of bounded-degree triangulations, EuroComb09, Bordeaux, September 7-11, 2009



p \szﬁﬂA ;\\
T h e D ua | G Fa p h Freie Universitat (f i
V‘Q?/,l,, ‘;)/

schematlic drawing

ears (degree 1, leaves)
(degree 2)

inner triangles (degree 3, branching vertices)
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Paths in the Dual Tree Freie Universiat [ ol |

. inner path \
A Q /—M 0 O y

leaf path
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Path S | N th e D ua | Tree Freie Universitit Berlin
o inner path y
o—K —T— 2 e y

Qe leaf path
goal: zigzag
-—>—>—o—o0—0—00—0—00—0—0—0—0—0—0—0—18
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Overall Strategy

e Turn leaf paths into zigzags O(n?) flips
e Eliminate inner triangles O(n?) flips

e Rotate final zigzag O(n?) flips
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O(n) flips for extending the zigzag by 1 — O(n?) total
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STRATEGY: Always turn leaf paths into zigzags.

can also rotate final zigzag:

O(n?) flips in total.  (can even be done in O(n) flips)
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Create a Zigzag Triangulation e uriersie (o seri

Goal: dual tree D — a zigzag path
Strategy:
Process the tree from the leaves towards the center.

Find a good merge triangle and eliminate it:

leaf path

leaf path leaf path
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Create a Zigzag Triangulation e uriersie (o seri

Goal: dual tree D — a zigzag path
Strategy:
Process the tree from the leaves towards the center.

Find a good merge triangle and eliminate it:

leaf path

leaf path leaf path

.(<k
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Flnd d GOOd Merge Trlangle A/ FreieUniversitét?ﬁ Berlin
start with the dual tree D D q
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Find a Good Merge Triangle A’

start with the dual tree D D 5

remove all leaf paths: — D’ D'
(leaves of D’ = merge triangles) :
merge triangles \ [ —o—0—4
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F|nd a GOOd Merge Tr|ang|e A/ Freie Universitat Berlin
start with the dual tree D D .
remove all leaf paths: — D’ D'
(leaves of D’ = merge triangles) |

remove all leaves of D’: — D"

. /7
merge triangles §—0 e D

take a merge triangle A’ s
adjacent to a leaf A” of D” d i
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Find a Good Merge Triangle A’ e uniesi

Berlin

start with the dual tree D 5

remove all leaf paths: — D’ D'
(leaves of D’ = merge triangles) |
remove all leaves of D’": — D" ‘

[ﬁ&l/ ~ o—V Q _l:)/,

Zﬁ&l A ®

take a merge triangle A’ .
adjacent to a leaf A” of D” d i
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A’ A’
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Find a Good Merge Triangle A/  rucuesis (o
A’ A’

leaf path

leaf path leaf path leaf path

leaf path

‘ (leaf path)

leaf path
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Find a Good Merge

(leaf path)
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leaf path
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leaf path
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Eliminate a Merge Triangle e Unversitse

Utip

/+1

deg < £ deg < £
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deg < £
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Eliminate a Merge Triangle e unversict (o)

Utip

deg < £ deg < £
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Utip

deg < £ deg < £
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Utip

deg < £ deg < £
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Eliminate a Merge Triangle e unversict (o)

Utip

deg < £ deg < £
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Eliminate a Merge Triangle e unversict (o)

Utip

deg < £ deg < £
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Utip

deg < £ deg < £
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deg < £ deg < £

Glinter Rote, Institut fir Informatik, Freie Universitat Berlin Flip graphs of bounded-degree triangulations, EuroComb09, Bordeaux, September 7-11, 2009



Berlin

Eliminate a Merge Triangle e unversict (o)

Utip

deg < £ deg < £
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Eliminate a Merge Triangle e unversict (o)

Utip

deg < £ deg < £
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Utip

deg < £ deg < £
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Eliminate a Merge Triangle e unversict (o)

Utip

deg < £ deg < £
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Eliminate a Merge Triangle e unversict (o)

Utip

deg < £ deg < £
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deg < £ deg < £
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Eliminate a Merge Triangle Freie Universitit | o)

Utip
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Eliminate a Merge Triangle

Utip

deg < k

deg < k

starting situation
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Utip

deg < k

deg < k

starting situation
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Eliminate a Merge Triangle Freie Universitt
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Eliminate a Merge Triangle Freie Universitt
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Eliminate a Merge Triangle Freie Universitt
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Eliminate a Merge Triangle Freie Universitt
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donel

O(n) flips.
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Utip
leaf path

leaf path

—>
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Utip
leaf path

leaf path
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Schematic view

Uti

p Utip
leaf path \

leaf path

—>

ANALYSIS:
n operations:
extending a zigzag by 1
merging to leaf paths
Each operation takes O(n) flips. — O(n?) in total.

+ final rotation: O(n?) flips.
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Bounded degree is not always possible:

These edges are part of
every triangulation.

maximum degree = n — 1
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Ge n e ra | PO' nt Sets Freie Universitat Berlin

Theorem. For any k£ > 4, there are arbitrarily large
point sets with two triangulations 7', T" with maximum
degree k that cannot be transformed into each other
by a sequence of flips without exceeding vertex degree k.
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¥
2

Example: £ =28

no flips possible

(for example: appropriate zigzag triangulations)
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OPEN QUESTION:

1. Can two triangulations with degree < k be
transformed into each other without exceeding
degree k + 17 (Or 2k7? Or f(k)?)
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O p en Q uestions Freie Universitit ﬁ; Berlin

1. Can two triangulations with degree < k be
transformed into each other without exceeding

degree k + 17 (Or 2k7 Or f(k)7?)
2. How about pseudotriangulations? (k > 10 !)

3. Flip diameter of bounded-degree triangulations of
convex point sets is O(n)? O(nlogn)?
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