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Gossip	  

•  People	  talk	  to	  other	  people	  :	  informa<on	  
spreads	  

•  Everyone	  has	  a	  piece	  of	  informa<on	  
•  Each	  node	  talks	  to	  another	  node	  at	  random	  
•  Can	  we	  find	  an	  aggregate	  using	  this	  sort	  of	  
informa<on	  propaga<on?	  	  
– Aggregates	  like	  sum,	  avg..	  
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Gossip	  

•  Advantages:	  
–  Fully	  distributed.	  No	  sink.	  
–  Fault	  tolerant	  :	  failure	  of	  many	  nodes	  do	  not	  affect	  the	  
protocol	  

–  Can	  adapt	  to	  changing	  values	  :	  keep	  gossiping	  
•  Issues:	  
–  Itera<ve	  method,	  converges	  to	  true	  value,	  never	  quite	  
gets	  to	  the	  value	  

– May	  take	  <me	  to	  converge	  
– May	  cost	  communica<on	  
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A	  basic	  protocol:	  push	  sum	  

•  Each	  node	  starts	  with	  a	  sum	  si	  and	  a	  weight	  wi	  
•  Ini<ally,	  si	  =	  value	  at	  I	  and	  	  wi=	  1	  (contribu<on	  
from	  one	  value)	  

•  At	  each	  round,	  send	  (si/2,	  wi/2	  )	  to	  a	  random	  
node,	  and	  set	  its	  own	  values	  also	  to	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
(si/2,	  wi/2	  )	  

•  So,	  at	  each	  round,	  node	  I	  sends	  half	  of	  its	  
value	  to	  someone	  	  
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A	  basic	  protocol:	  push	  sum	  

•  At	  each	  round,	  it	  also	  gets	  values	  and	  weights	  
from	  some	  other	  nodes	  
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aggregate functions over the data in the whole network (or
a large part of it) are often more important than individual
data at nodes [17, 24, 34]. For example, in a sensor network
with temperature sensors, we are often more interested in
the average or median temperature measured by all sensors
in an area rather than the single measurement at an individ-
ual sensor. In a sensor network with acoustic and vibration
sensors, we may want to find out to which extent events of
especially large noise or vibration are spatially or tempo-
rally correlated. In a P2P system, we may be interested in
the total number of files, the average size of files stored, or
quantiles about the amount of free space on the machines’
disks. At the same time, communication bandwidth is often
a scarce resource in decentralized settings, so the computa-
tion of aggregates should involve only small messages. In
particular, any protocol collecting all local data at one given
node will create communication bottlenecks, or a message
implosion at that node.
Motivated by these considerations, we study the follow-

ing class of Node Aggregation problems: in a network of n
nodes, each node i holds a value xi (or a setMi of values),
and the goal is to compute some aggregate function of these
values (such as sums, averages, quantiles, etc.) in a decen-
tralized and fault-tolerant fashion, while using small mes-
sages only. The Node Aggregation problem was recently
defined formally by Bawa et al. [7], who restrict their atten-
tion to sums, averages, minima, and maxima. They define
several natural notions of “validity” of a result in the pres-
ence of node failures, and show that “practical validity” (the
weakest notion) is the only one that can be achieved under
adversarial crash failures. They also present protocols for
aggregation based mostly on building trees.
Here, we extend the study of aggregation beyond sums

and averages, and show how to use gossip-based, com-
pletely decentralized protocols to compute random samples,
quantiles, and answers to several other aggregate database
queries in a decentralized fashion. We posit a weaker fail-
ure model than Bawa et al. [7], and obtain simple protocols
for all of the above problems. We can show that all of our
protocols converge to the true answer exponentially fast.

The Push-Sum protocol

Our first contribution is a simple and natural protocol Push-
Sum for computing sums or averages of values at the nodes
of a network. At all times t, each node i maintains a sum
st,i, initialized to s0,i := xi, and a weight wt,i, initialized to
w0,i := 1. At time 0, it sends the pair (s0,i, w0,i) to itself,
and in each subsequent time step t, each node i follows the
protocol given as Algorithm 1.
We show that with probability at least 1 − δ, the rela-

tive error in the approximation of the average has dropped
to within ε, in at most O(log n + log 1

ε + log 1
δ ) rounds

Algorithm 1 Protocol Push-Sum
1: Let {(ŝr, ŵr)} be all pairs sent to i in round t− 1
2: Let st,i :=

�
r ŝr, wt,i :=

�
r ŵr

3: Choose a target ft(i) uniformly at random
4: Send the pair ( 1

2st,i,
1
2wt,i) to ft(i) and i (yourself)

5: st,i

wt,i
is the estimate of the average in step t

(Section 3). Notice also that the lengths of all messages are
bounded by the largest number of bits to encode the xi, plus
the number of rounds that the protocol has run.
If we are interested in computing the sum instead of the

average, then we only need to apply a small change: instead
of all nodes starting with weight w0,i = 1, only one node
(for instance the one at which the query was inserted) starts
with weight 1, while all others start with weight 0. We than
obtain exactly the same kind of approximation guarantees.
Push-Sum is a very natural protocol, yet the proof of the

approximation guarantee is non-trivial and relies crucially
on a useful property we term mass conservation: the av-
erage of all sums st,i is always the correct average, and the
sum of all weightswt,i is always n. For many natural proto-
cols violating this property (for instance, Pull-based proto-
cols), it is not difficult to verify that they cannot converge to
the true results, in the sense that with some constant prob-
ability (possibly depending on n, but not the time t), the
approximation stays bounded away from the true average.
We will elaborate more on this issue in the full version.

Diffusion Speeds

The analysis of Push-Sum builds on an understanding of the
diffusion speed of Uniform Gossip, characterizing how fast
a value originating with any one node diffuses through the
network. This notion is made precise in Section 2, although
we hasten to add here that it does not in general coincide
with the “broadcast time” [6, 18, 29]— the time it takes
to disseminate a message to all nodes using point-to-point
communication. Push-Sum is generic with respect to the
underlying mechanism for communication, and its conver-
gence speed corresponds in a precise sense to the diffusion
speed of the communication mechanism.
We believe that this correspondence is of interest in it-

self, as the choice of communication mechanism will de-
pend strongly on the actual network and its physical im-
plementation. In sensor networks or P2P networks of rel-
atively low degree, it may be easily feasible for a node to
send a message to all of its neighbors at once, but point-
to-point connectivity may be hard to achieve (in particular
for sensor networks, where nodes usually use radio broad-
casts). Other networks may support the abstraction of point-
to-point communication, but the number of messages that a
node can send in a round is limited, so that Uniform Gossip
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•  Hope:	  	  
– Mass	  conserva<on:	  sum	  of	  all	  si	  is	  always	  total	  sum,	  
sum	  of	  all	  wi	  is	  always	  n	  

–  Eventually,	  everyone	  will	  have	  1/n	  frac<on	  of	  
everyone	  else’s	  value	  

–  Eventually,	  everyone	  will	  have	  1/n	  frac<on	  of	  
everyone	  else’s	  weight	  

–  So,	  value	  will	  be	  the	  average,	  weight	  will	  be	  =	  1	  
•  To	  compute	  sum:	  
– One	  node	  (query	  node)	  has	  w=1,	  everyone	  else	  has	  	  	  
w	  =	  0	  
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Diffusion	  

•  The	  value	  at	  each	  node	  is	  diffusing	  in	  the	  
network	  un<l	  it	  is	  uniformly	  distributed	  

•  Uniform	  distribu<on	  is	  a	  steady	  state	  
•  How	  fast	  are	  the	  values	  diffusing?	  How	  long	  
will	  it	  take	  for	  all	  the	  values	  to	  be	  at	  almost	  
uniform	  distribu<on?	  	  
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Contribu<on	  vectors	  

•  Vector	  Vt,i	  :	  the	  frac<onal	  contribu<on	  of	  each	  
other	  node	  to	  the	  weight	  at	  i	  	  

•  So,	  Vt,i,j	  :	  Contribu<on	  of	  j	  to	  the	  weight	  at	  i	  
aber	  round	  t	  
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•  Error	  at	  a	  node:	  
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How	  fast	  does	  the	  protocol	  converge?	  

•  Think	  of	  a	  poten<al	  func<on:	  

•  We	  show	  that	  this	  poten<al	  drops	  fast	  
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•  This	  poten<al	  reduces	  by	  at	  least	  half	  in	  each	  
round.	  

•  How	  many	  rounds	  will	  it	  take	  to	  drop	  to	  	  	  	  	  	  ?	  
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Number	  of	  rounds	  

•  Since	  the	  ini<al	  poten<al	  can	  be	  at	  most	  n	  
•  To	  get	  	  	  	  	  	  	  to	  some	  constant	  value	  will	  require	  
O(log	  n)	  round	  

•  To	  get	  the	  value	  to	  below	  	  	  	  will	  require	  	  	  	  	  	  	  	  	  	  	  	  	  	  
O(log	  	  	  	  	  	  )	  rounds	  

•  Thus	  a	  total	  of	  O(log	  n	  +	  log	  	  	  	  )	  rounds	  in	  
expecta<on	  
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•  We	  want	  this	  to	  happen	  with	  a	  good	  
probability	  at	  least	  1-‐	  	  	  	  

•  	  Rounds:	  O(log	  n	  +	  log	  	  	  	  	  +	  log	  	  	  	  	  	  )	  
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How	  fault	  tolerant	  is	  it?	  

•  Suppose	  each	  message	  ha	  a	  chance	  of	  failing,	  
how	  fast	  does	  it	  converge?	  
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Summary	  

•  Completely	  decentralized	  
•  Excellent	  fault	  tolerance	  	  
•  Itera<ve	  &	  probabilis<c	  method,	  not	  perfect	  
•  Fast	  in	  some	  scenarios,	  may	  be	  slow	  in	  others	  	  
•  Good	  for	  compu<ng	  sums	  	  
•  Can	  be	  extended	  to	  compute	  many	  types	  of	  
linear	  func<ons,	  random	  sampling,	  quan<les	  
etc	  
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