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Abstract

We show how to control a robot with omnidirectional wheels, using
as example a robot with four motors. Four wheels provide redundancy:
many combinations of motors speeds can provide the same movement.
Since the system is over determined, we show how to compute a set
of motor speeds using the pseudoinverse of a coupling matrix. This
approach allows us to determine if a wheel is slipping on the wheel
by performing a consistency check. It is possible to avoid slippage on
the floor by driving the robot with a motor torque under the slippage
threshold.

1 Omnidirectional Wheels

Omnidirectional wheels have become popular for mobile robots used indoors,
because they allow a robot to drive on a straight path from any point to
any other point on the floor, without having to rotate first. Moreover, the
translational movement along a desired path can be combined with a rotation,
so that the robot arrives to its destination at the correct angle.

Omnidirectional wheels are all based on the same general principle: while
the wheel provides traction in the direction normal to the motor axis, it can
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roll passively in the direction of the motor axis. In order to achieve this,
the wheel is built using smaller wheels attached along the periphery of the
wheel. Fig. ?? shows an example of the kind of wheel that we have been
using for our omnidirectional robots since 2002. Our wheel is a variation of
the so-called Swedish wheels, which use rollers with a rotation direction not
parallel to the motor axis, but with a certain slant.

Usually more than two omnidirectional wheels are used to drive a robot.
Each wheel provides a torque in the direction normal to the motor axis
and parallel to the floor. The torques add up and provide a translational a
rotational motion for the robot. If it were possible to put two orthogonal
omnidirectional wheels under the center of a robot with a circular base, then
driving the robot would be trivial. To give the robot a speed (vx, vy), with
respect to a cartesian coordinate system attached to the robot, each wheel
would have to provide one of the two speeds.

However, since the motors need some space, this simple arrangement is not
possible. The wheels are put on the periphery. Then more than two wheels
can be used, which makes also easier to balance and cancel any rotational
torque which would make difficult driving the robot on a straight path.
Popular configurations are three and four-wheeled omnidirectional robots.
Fig. 1 shows the CAD design of the omnidirectional robot which we used at
RoboCup 2004.

Each wheel can move the robot forward, but being attached on the periphery
of the robot, can also rotate the robot’s frame. In order to connect the
motors’ torques with the movement of the robot, we need to analyze the
geometry of the problem.

Let us use a motor with four wheels as our working example. For simplicity,
the robot has two symmetry axes, as shown in the diagram. Let us call φ the
angle of the wheels with respect to the horizontal axis (the x-direction), as
shown on the diagram. When the four motors are activated, we obtain four
traction forces F1, F2, F3, F4 from the motors, which add up to a translational
force and a rotational torque. The sum of the forces depends on the geometry
of the wheels arrangement.
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Figure 1: Our omnidirectional four-wheeled robot

2 Coupling matrix

We are interested in the movement of the robot along the x and y direction. In
order to simplify the expressions we will derive, we consider the instantaneous
velocity of the robot with respect to its own reference frame. For example, a
robot moving forward will have a certain positive velocity in the y direction
and zero in the x direction.

The translational acceleration of the center of mass of the robot (which we
assume is located at the geometrical center of our robot), is given by

a = (F1 + F2 + F3 + F4)/M

where M is the mass of the robot. The rotational acceleration is given by

ω̇ =
R

I
(f1 + f2 + f3 + f4)

where R is the radius of the robot, fi denote the magnitude of the force Fi,
for i = 1, . . . , 4, and I is the moment of inertia. The computation is possible
using this formula, because the forces are tangent to the circular frame of
the robot and point in the same rotational direction.
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Figure 2: Arrangement of the wheels and distribution of forces

We can compute the x and y components of the robot’s acceleration, by
considering the respective components of each force. Then

May = −f1cos φ− f2cos φ + f3cos φ + f4cos φ

and
Max = f1sin φ− f2sin φ− f3sin φ + f4sin φ

For a homogeneous cylinder I = 1
2
MR2, for a ring I = MR2. For any

mass distribution strictly between a concentration of mass in the middle and
concentration in the periphery, I = αMR2, with 0 < α < 1. Substituting
I for such a value, we can express the acceleration computations above as a
matrix vector multiplication

(ax, ay, ω̇)T =

 sin φ −sin φ −sin φ sin φ
−cos φ −cos φ cos φ cos φ

MR
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which can be simplified to

(ax, ay, ω̇)T =

 sin φ −sin φ −sin φ sin φ
−cos φ −cos φ cos φ cos φ

1
αR

1
αR

1
αR

1
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,
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)T

Let us call, for further calculations, the matrix in the expression above the
coupling matrix Cα.
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Given any four motor states (and the associated torques) it is then straight-
forward to compute the acceleration in the x and y directions, as well as the
rotational acceleration of the robot’s frame.

Note that the forces can cancel. If, for example, f1 = −f2, f1 = −f4, and
f2 = −f3, then the robot stands still while the wheels work against each
other. Much energy is wasted, but the robot does not move.

We are assuming here that the wheels cannot slip, that is, all the torque from
the motors is put on the floor. This is an unrealistic assumption, which we
will later lift.

It is interesting to note from the above expression, that the rotational accel-
eration depends on the mass distribution of the robot. A point-mass robot
can be accelerated infinitely fast around its center (α = 0). A robot where
the mass is distributed on a ring with very large radius (larger than the robot
itself) will be accelerated around its center very slowly (α >> 1). We can
find the final velocities of the wheels, and the velocity of the robot on the
plane, as well as its angular velocity, by integrating the movement equations
with respect to time.

Now, let us assume that the four wheels on the robot have reached the
respective tangential velocities (v1, v2, v3, v4). The geometry of the problem
remains unchanged and we can still use Fig. 2 as reference. The Euclidean
velocity (vx, vy) of the robot on the ground and its angular velocity ω are
given by the expression

(vx, vy, ω)T =

 sin φ −sin φ −sin φ sin φ
−cos φ −cos φ cos φ cos φ

1
4R

1
4R

1
4R

1
4R

 (v1, v2, v3, v4)
T

Let us denote the coupling matrix by C. The factor 1/α is not present.
Where has it gone?

What the geometry of the problem shows is that if we just integrate over time,
we obtain an inconsistency between the expression for the accelerations and
the expression for the velocities. They are only equal when α = 4. For a
homogeneous cylinder α = 1/2. This means that the desired angular velocity
for the robot can be reached earlier than the desired Euclidean velocity (eight
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times faster, in fact). It is also clear why: all motors cooperate rotating the
robot, while they push partially against each other in order to move the robot
on the plane. Therefore, we must decouple the control for the Euclidean
velocity from the control for the rotation. We then apply the necessary
wheel accelerations over a time t in order to reach the velocity (vx, vy) and
we overlay on top of that the necessary wheel accelerations for reaching the
angular velocity ω, but we apply these accelerations for a period t′, different
in general from t. The only robot for which we can have t = t′ is one with
α = 4. Such a robot corresponds to a ring of mass M and radius 2R, that is,
with a radius twice as large as the wheel distances from the rotation center
of the robot.

3 Redundancy and pseudoinverse control

Let us assume that we drive the motors in the form described above, starting
from rest, and with forces f1, f2, f3, f4 in each motor for a time t, and that
the wheels do not slip on the ground. It is clear from the equations in the
previous section, that if f1 +f2 +f3 +f4 = 0, the robot will not rotate around
its center. Can we find settings for the wheels, under this constraint, which
allow us to accelerate the robot in any desired angle? (that is, vx and vy are
arbitrary, within the velocity constraints of the motors).

This is indeed the case, because in the equations

ax =
1

M
(−f1cos φ− f2cos φ + f3cos φ + f4cos φ)

and

ay =
1

M
(f1sin φ− f2sin φ− f3sin φ + f4sin φ)

the combination of forces p = (1,−1,−1, 1) moves the robot forward with
velocity 4cosφ. The combination q = (1,−1,−1, 1) moves the robot sideways
to the right with velocity 4sinφ. Any linear combination ap + bq of the two
vectors, of the form vy

4cosφ
p + vx

4sinφ
q accelerates the robot in the direction

(vx, vy). Here we are assuming that neither cos φ nor sin φ are equal to zero,
otherwise we would have a very simple robot with four parallel wheels.
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Also, since the sum of components of p and q is zero, any linear combination
of both vectors does not let the robot rotate. Therefore we can easily find a
vector of motor forces, for the desired direction, and which does not rotate
the robot.

Now let us compute the forces necessary for the desired angular velocity. The
vector r = (1, 1, 1, 1) does not produce any forward or sideways acceleration
(as can be tested by substituting in the acceleration equations). The angular

acceleration with r is ω̇ = (f1+f2+f3+f4)
αR

= 4
αR

.

Therefore we see that we can decouple the control problem for the robot into
two parts: we can find motor forces which accelerate the robot in the desired
Euclidean direction, without making it rotate. We can also find forces which
provide angular acceleration for the robot, without making it displace on
the ground. The sum of both set of forces is the force to be applied to the
robot. However, the forces for the linear displacement must be applied for
a different total time as the forces for the rotation. We integrate the planar
acceleration over a total time t, and the rotation over a total time t′.

In our system, we send the linear velocity (vx, vy) to the robot and acceler-
ate the wheels using a PID controller. Another PID controller receives the
desired angular velocity ω and controls the wheels. Both PID controllers are
interleaved. The wheel accelerations overlap.

If the final linear motor velocities are (v1, v2, v3, v4), we can find the final
linear displacements and linear angular rotation using the vector matrix-
multiplication

(vx, vy, ω)T =

 sin φ −sin φ −sin φ sin φ
−cos φ −cos φ cos φ cos φ

1
4R

1
4R

1
4R

1
4R

 (v1, v2, v3, v4)
T

This expression is justified by purely geometrical considerations. The angular
velocity, specially, is determined by the four wheel velocities, added together,
and divided by 4R. Translational components disappear after the addition,
only the rotational elements contribute to the final result.

Usually, we are interested in the inverse calculation: we want to give the
robot a certain acceleration and we would like to compute the necessary
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motor torques. We know from the previous section that

(ax, ay, ω̇)T = Cα
1

M
(f1, f2, f3, f4)

T

where C is the coupling matrix. Using the pseudoinverse C+
α of C, we can

invert the calculation above to

(f1, f2, f3, f4)
T = MC+

α (ax, ay, ω̇)T

For any desired acceleration vector (ax, ay, ω̇)T we obtain a set of four motor
torques. For example, for zero accelerations, the computation tells us that
we should use the vector of motor torques (0, 0, 0, 0), which is not surprising.
Yet this example shows that the pseudoinverse computation extracts from
all possible solutions to the problem the most efficient, in the sense of having
small components.

4 Critical force and a limit example

When we start the four motors used in our robots, the x and y components
of the torques work in opposite directions. When the robot is rolling forward
(positive y direction), for example, the force components sideways (x direc-
tion) cancel. However, if the forces which cancel each other are excessive,
the wheels will lose their grip and will start to slip on the ground. The result
is a robot which cannot drive accurately enough.

Given a direction, let us call the maximum torque that a motor can put on
the floor in that direction and without slipping, the critical torque for that
direction. An extreme example can help to understand this concept.

Assume that in our four-wheeled robot the angle ϕ is very small and near
to zero. In that case, the two frontal and the two rear wheels are almost
antiparallel. If all motors are started with maximum torque (1,−1,−1, 1),
the robot should move forward, because the resultant force on the robot has
only a component in the positive y direction. However, the opposing torques
are so large that the wheels will probably slip on the wheel and will start
spinning. The robot will slip on the floor.
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Different values of ϕ mean that different projections of the motor torque are
being considered. If ϕ is almost π/2, the wheels are all parallel and the robot
can accelerate forward at the limit imposed by the grip of the wheels on the
carpet. The critical torque limit is therefore related to the friction between
the wheels and the carpet, and the angle in which the wheels oppose each
other.

In the limit case mentioned above (ϕ almost zero), if we are careful enough
to start the motors slowly, then the robot will be accelerated forward. The
forward movement is provided by the passive rolling wheels and the wheels
themselves have to roll very slowly. If the forward velocity of the robot is vy,
the needed tangential velocity of the wheel is vy ∗ sin(ϕ). In other words,
if the motor can drive the wheel at a maximum speed of v, the robot can
reach a maximum forward direction of v/sin(ϕ), that is, the robot can be, in
the limit of zero ϕ, infinitely fast! This is so because the acceleration on the
robot is always present and the robot can roll passively forward. In reality,
the passive wheels have more and more friction with their axis the faster they
roll. Eventually this friction limits the forward acceleration of the robot.

5 How to drive without wheel slippage

Assume that you want to drive our robot forward, trying to avoid any sig-
nificant wheel slippage. Assume that it has been determined experimentally
that when the voltage for the DC motors is 2 Volts the wheels will not slip
(the projected torque of the motors in the sideways direction stays under
the critical value). We would like to drive as fast as possible (that is, with
the maximum possible voltage for the motors). What we have to do then is
to start the motors with V0 = 2 and let the robot roll forward. After a few
milliseconds, the induced current E in the motor rotor decreases the effective
voltage on the rotor to V0 − E, and the motor torque correspondingly. We
can now increase the value of the voltage to V1 = V0 +E, and now the motor
torque corresponds to the effective voltage V0 + E −E = V0. Repeating this
adjustment periodically allows us to drive the motors with the maximum
possible torque which does not let the wheels slip. Fig. 3 shows the result of
a computer simulation for a certain DC motor. As can be seen, the motor
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angular speed increases along a damped curve. When the adjustment to the
voltage is made (at discrete intervals) the curve changes to the corresponding
damped curve for the higher voltage. In the limit, when the adjustment is
made very often, the motor torque remains constant, the wheel acceleration
too, and the angular velocity increases linearly. The slope of the curve is the
maximum allowable acceleration before the wheels slip. This is therefore an
optimum result.

Figure 3: Driving a DC motor with a constant torque

6 Identifying slipping wheels

The fact that we use the pseudoinverse for adjusting the motor speeds,
gives us the possibility of testing for inconsistencies in the motors speed
and thus detect wheel slippage. Let us call s the four-dimensional vector
of motor speeds, C the coupling matrix, and v the three-dimensional vector
(vx, vy, ω)T. Then we know that Cs = v. We control the motor speeds in
such a way that s = C+v.

The controller on the robot gets the desired vector v by radio communication
and transforms v into the necessary motor speeds v. After some time, the tick
counters in the motors provide a vector of current motor speeds s′. Assuming
that the four motors are as fast, and accelerate approximately at the same
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pace, we can check if the motor speeds are consistent with the vector v.
One simple check would be to see if s′ is nearly a multiple of s, for constant
c < 1. If so, then the motors are probably accelerating at the same pace
towards their final values. It is very improbable that the four motors would
be slipping at the same rate.

A better test can be done using the in-built redundancy of our motor values.
Three motors values can always be used to deduce the value of the fourth
motor value, when no slippage is present. In the equation

s = C+v

we know that the coupling matrix C is a three by four matrix. Given the
first three motor values, for example, we can deduce the fourth value which
is still consistent with the other three.

To do this, let us assume that we trust the first three motor values but not
the fourth in the vector (s1, s2, s3, s4). Then

s1

s2

s3

s4

 =

(
Cr

c4

) vx

vy

ω



where Cr is a three by three matrix (the first three rows of the pseudoinverse
C+) and c+

4 is the fourth row of the peudoinverse. Then vx

vy

ω

 = C−1
r

 s1

s2

s3


and

s4 = c4Cr−1(s1, s2, s3)
T

The fourth motor value is a linear combination of the other three. If the
linear combination does not correspond to the measurement, then we know
that a wheel is slipping. We do not know exactly which, but usually the
fastest wheel is the one slipping.
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