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Problem 1 Simulation of Turing Machines 10 points

Let L ⊆ {0, 1}∗ be a language, and let M be a Turing machine with k tapes and
work alphabet Γ. Suppose that M decides L in T (n) time. Show that there exists a
Turing machine M ′ with a single tape and work alphabet Γ = {0, 1,�} that decides
L. How much time does M ′ need? Try to make your estimate as precise as possible.

Problem 2 Oblivious Turing Machine 10 points

A function T : N → N is called time-constructible if (i) T (n) ≥ n for all n ∈ N
and (ii) there exists a Turing machine MT that computes the function n 7→ T (n)
in time T (n) (as usual, the input input and output of MT are encoded as binary
numbers over {0, 1}).
A Turing machine M is called oblivious if for every input w and for every number
i ∈ N, the position of M ’s head after i steps depends only on |w| and i (i.e., the
head movements of M depend only on the input size).

Let L ⊆ {0, 1}∗ be a language, and let M be a Turing machine that decides L in
time T (n). Suppose that T is time-constructible. Show that there exists a constant
C > 0 and an oblivious Turing machine M ′ that decides T in at most CT (n)2 steps.
Here, C is a constant that depends only on the number of tapes and the alphabet
size of M , but not on n.

Remark : With a bit more effort, one can improve the running time of M ′ to
CT (n) log T (n).

Problem 3 Undecidability 10 points

In your systems class, you learned that every Boolean function can be implemented
by a circuit. However, in class we recalled that the halting problem is undecidable.
Why can’t we prove that there is no circuit for the halting problem? Does this
contradict the Church-Turing thesis? Explain your answer.


