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Abstract-In this paper we show that finding optimal combinations of learning and momentum rate for 
the standard backpropagation algonthm used to train neural networks involves difficult trade-offs. Gradient 
descent can be accelerated with a larger step size and momentum rate, but the stability of the iteration 
process is affected by certain combinations of parameters. We show in which cases backpropagation produces 
an oscillatory behavior and how its simple feed-back nature can lead to chaotic iterations. Some graphics 
illustrate the kind of problems which can be found when applying backpropagation and which are often 
disregarded. 

P 1. I N T R O D U ~ I O N  
Neural networks can be defined as directed graphs of 
computing elements in which the nodes of the network 
evaluate a certain primitive function of their input [I]. 
Information flows through the edges of the network, 
where it is multiplied by the corresponding edge's 
weight. Learning in neural networks consists of finding 
the appropriate weights so that a given function can 
be approximated by the network as closely as possible. 
Starting with random weights, an iterative process re- 
fines the network's parameters until a good enough 
approximation to the given function has been found. 
The function to be approximated is known usually only 
from a set of input-output examples, i.e., the training 
set. The error function of the network measures the 
deviation between desired and current output for a 
given input from the training set. In most cases it is a 
continuous and differentiable function of the network's 
weights, and a simple strategy, like gradient descent, 
can lead to optimal weight combinations. The standard 
backpropagation algorithm is just a straightforward 
implementation of gradient descent on the error func- 
tion. If the weight adjustments are done immediately 
after each Pattern presentation we speak of on-line 
backpropagation. If the weight adjustments are done 
after all input Patterns have been processed with the 
network and all deviations have been measured, we 
speak of oJ-line or bafch backpropagation. The size of 

. the correction step in the negative gradient direction 
is determined by a constant called the learning rate. 

A popular variation of the basic learning algorithm 
is the introduction of a momenfum term. The gradient 
of the error function is computed for each new pararn- 
eter combination but instead ofjust following the neg- 
ative gradient direction, a weighted average of the cur- 
rent gradient and the previous correction direction is 
computed at each step. This average is used as the new 
correction direction. Theoretically, this approach 
should provide the search process with some inertia 
and could help to avoid excessive oscillations in n m w  
valleys of the error function. However, there is empir- 
ical evidence that trying to adjust the learning and mo- 
mentum rate to minimize the processing time is a hard 

computational problem. It has also been shown that 
backpropagation leads to chaotic behavior in the case 
of continuous units[2]. In this paper we show what 
are the trade-offs involved in choosing a specific learn- 
ing and momentum rate, and that chaotic behavior 
can also be observed in the discrete case with the back- 
propagation feed-back nile and large momentum rates. 
We show, moreover, that such large momentum rates 
are necessary when the optimal size of the learning 
step is unknown and the form of the error function is 
highly degenerate. 

In standard backpropagation, as explained before, 
some input-output pattems are fed into a network, and 
the error function E i s  determined at the output. In a 
network with n different weights wl , w 2 ,  . . . , W, the i- 
th correction step for weight wk is given by 

where y and ci are the learning and momentum rate, 
respectively. Normally we are interested in accelerating 
the convergence to a minimum of the error function, 
and this can be done by increasing the learning rate 
up to an optimal value. Several fast learning algorithms 
for neural networks work by trying to find the best 
value of y, which still guarantees convergence. The 
introduction of the momentum rate allows the atten- 
uation of oxillations in the iteration process. 

Adjusting both learning parameters to yield the best 
possible convergence is normally done by trial and er- 
ror, or even some kind of random search[3]. Since 
the optimal parameters are highly dependent on the 
learning task, no general strategy has been developed 
to deal with this problem. In this paper we show why 
some Parameter combinations yield poor results. 

2. THE LINEAR ASSOCIATOR 
Let us first consider the case of a linear associator, 

that is, a Single computing element with associated 
weights W , ,  w2,  . . . , wm and, which for the input X , ,  

x2, . . . , xm produces w l x l  + . . + wmxm as output. 



The input-output patterns in the training set are the p 
ordered pairs ( X I ,  Y , ) ,  . . . , ( X „  Y,), whereby the input 
patterns are vectors of dimension m and the output 
patterns are scalars. The weights of the linear associator 
can be ordered in an m-dimensional column vector W 

and the learning task consists of finding that W ,  which 
minimizes the quadratic error 

in the X direction and 

in the y direction. An optimal Parameter combination 
in the x direction is y = 1 /2a and a = 0. In the y 
direction the optimal combination is y = 1/26 and a 
= 0. Since the iteration proceeds with a Single y value, 
we have to find a compromise between these two o p  
tions. Intuitively an intermediate y should do best, 

By defining a p X m matrix X whose rows are the 
when the momentum term is Zero. Figure 1 shows the 

vectors x l ,  . . . , xp and a column vector y whose ele- 
number of iterations needed to find the minimum of 

ments are the scalars y , ,  . . . , yp, the learning task re- 
the error function to a given precision as a function of duces to the minimization of 
y, when a = 1.5 and b = 1. The optimal value for y 

= ( X w  - y ) T ( X w  - Y )  

Since this is a quadratic function, the minimum is 
found at W = X'y, where X+ is the pseudoinverse of 
the matnx X .  A solution can also be found using back- 
propagation. 

The quadratic function E can be thought of as a 
paraboloid in m-dimensional space. The lengths of its 
principal axes are determined by the magnitude of the 
eigenvalues of the covanance matnx XTX. Gradient 
descent is most effective when the principal axes of the 
quadratic form are all of the Same length. In this case, 
the gradient vector points directly toward the minimum 
of the error function. When the axes of the paraboloid 
are of very different size, the gradient direction can 
lead to oscillations in the iteration process[4]. 

Let us consider the simple case of the quadratic 
function ax2 + b y 2 .  Gradient descent yields the iter- 
ation mle 

is the one found at the intersection of the two curves. 
The global optimal y is larger than the optimal0y in 
the X direction and smaller than the optimal y in the 
y direction. This means that there will be some oscil- 
lations in the y direction and slow convergence in the 
X direction, but this is the best possible compromise. 
It is obvious that in the m-dimensional case we could 
have oscillations in some of the principal directions 
and slow convergence in others. A simple strategy that 
is used by some fast learning algonthms to avoid these 
problems consists of using a different learning rate for 
each weight, that is a different y for each direction in 
weight space [ 5 ] .  

3. MlNlMlZlNC OSClLLATlONS 
Since the lengths of the pnncipal axes of the error 

function are given by the eigenvalues ofthe covariance 
matrix XTX, and since one of these eigenvalues could 
be much larger than the other ones, the range of pos- 
sible values for y reduces accordingly. Nevertheless, a 
very small y and the oscillations it produces can be 
neutralized by increasing the momentum term. A de- 
tailed discussion of the one-dimensional case provides 
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Fig. I .  Optimal y in the two-dimensional case. 



Oxillating iteration paths 

given by y = 1 / 2k .  A step length of = 1 / k  produces 
an oscillation between the initial point and -&. 
Any y greater than 2 / k  leads to an "explosion" of the 
iteration process. Figure 2 shows the main mgions for 
Parameter combinations of y and a. These regjons were 

Larni~g determined by iterating in the one-dimensional. case 
rate zme and integrating the length of the iteration path. Param- 

eter combinations in the divergente region lead to the 
explosion of the iteration process. Parameter combi- 
nations in the boundary between regions lead to stable 
oscillations. 

Figure 2 provides us with somc interesting infor- 
mation. Any value of y greater than four times the 

o OJ J constant I /2k  cannot be balanced with any value of 
~ o m e ~ n m r a ~  a. Vdues of a greater than I are prohibited since they 

Fig. 2. Convergence and nonconvergence regions. lead to a geometric explosion of the iteration process. 
Any value of y between the explosion threshold I l k  
and 21 k can be made to lead to caovergence by a large 

us with the necessary insight for the understanding of enough a. For any given y between I l k  and 2 / k  there C more compiex CW. exist two points in which the iteration process falls in 
In the one-dimensional case, that is when minimiz- a stable oscillation, namely at the boundaries between 

ing functions of type kx2 ,  the optimal step length is regions, For values of y under the optimal value 

Fig. 3. Paths in weight space for backpropagation learning (linear associators). 

CAG 18:3-F 



Fig. 4. Bounded nonlinear error function and the result of several iterations. 

1 / 2 k ,  the convergence speed is optimal for a unique 
a. The optimal combinations of a and y are the ones 
represented by the jagged line in the diagram. 

The more interesting message we get from Fig. 2 is 
the following: In the case where in some direction in 
weight space the principal axis of the error function is 
very small compared to another axis, we should try to 
achieve a compromise by adjusting the momentum 
rate in such a way that the oscillating directions become 
less oscillating and the directions with slow convergence 
improve their convergence speed. Obviously when 
dealing with n directions in weight space, this com- 
promise could be dominated by a Single direction in 
weight space. 

4. CRlTiCAL PARAMETER COMBINATJONS 

Backpropagation is normally used in those cases in 
which we do not have an analytic expression of the 
function to be optimized. A learning rate y has to be 
chosen without any previous knowledge of the co- 
vanance matnx of the input. In on-line leaming the 
training patterns are also not always defined in advance, 
and are generated one by one. A conservative approach 
is then trying to minimize the risk by choosing a very 
small learning rate. But in this case backpropagation 
can be trapped in a local minimum of a nonlinear 
error function. The learning rate should then be in- 
creased. 

In the case of a covanance matrix XTX with some 
very large eigenvalues, a given choice of y could lead 
to divergence in the associated direction in weight space 
(assuming for simplicity that the principal directions 
of the quadratic form are aligned with the coordinate 
axis). Let us assume that the selected gamma is near 
to the explosion point 2 / k  found in the onedimen- 
sional case and shown in Fig. 2. In this case only values 
of the momentum term near to one can guarantee 
convergence, but oscillations in some of the directions 
in weight space can become synchronized. The result 
is oscillating paths in weight space, reminiscent of Li- 
sajous figures. Figure 3 shows some paths in a two- 
dimensional weight space for several linear associators 
trained with momentum rates close to one and different 
y values. In some cases the trajectones lead to con- 
vergence after several thousand iterations. In others a 
momentum rate equal to one precludes convergence 
of the iteration process. In many cases in which back- 
propagation does not converge, at least it diverges with 
elegance. 

The adjustment of the learning and momentum rate 
in the nonlinear case is even more difficult than in the 
linear case, because there is no fast explosion of the 
iteration process. At least in the quadratic case when- 
ever the learning rate is excessively large, the iteration 
process leads rapidly to an overflow that alerts the pro- 
grammer that the step size should be reduced. But in 
the nonlinear case the output of the network an3 the 
error function are bounded and no overflow occurs " 
there. In regions far from local minima the gradient 
of the error function nearly becomes Zero and the 
weight adjustments also. The divergence regions of the 
quadratic case can now become oscillatory regions. In 
this case even with larger and larger step sizes the it- 
eration retums to the convex part of the error function. 
Figure 4 shows the possible shape of the error function 
for a linear associator with sigmoidal output and the 
associated oscillation process for this kind of error 
function in the one dimensional case. The jagged form 
of the iteration curve is reminiscent of the kind of 
learning curves shown in many Papers about learning 
in nonlinear neural networks. 

5. CONCLUSIONS 

In this paper we have shown that backpropagation 
with momentum can exhibit a highly oscillating be- 
havior under some Parameter combinations. Presum- 
ably this is the kind of situation found in some appli- 
cations when the learning rate is just too large. A&' 
though in the quadratic case mainly large momentum* 
rates lead to oscillations, in the nonlinear case a gamma 
which is excessively large can also produce oscillations 
even when no momentum rate is present. 

Researchers in the field of neural networks should 
be concerned not only with the possibility of getting 
stuck in local minima of the error function when 
leaming rates are too small, but also with the possibility 
of falling into the oscillatory traps of backpropagation 
when the learning rate is too big. Learning algorithms 
should try to balance the speed-up they are attempting 
to obtain with the nsk of divergence involved in doing 
so. Two different kind of remedies are available: adap 
tive learning rates and statistical preprocessing of the 
learning set in order to decorrelate the input patterns 
trying to avoid the deleterious effect of too large eigen- 
values of the covariance matnx [6]. In the case of highly 
correlated input Patterns the analysis of the conver- 
gence regions for backpropagation becomes more 



Oscillating iteration paths 

complex and the iteration paths become more irregular 
than those shown in Fig. 3. 
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