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Field of Research

The topic of my research can be summarized as the analysis of reference points and their
usage for shape matching under classes of transformations, like translations, rigid motions
(translations and rotations) and similarity operations (rigid motions and scalings). Let K
be a set of shapes in R

d and δ be a distance measure on K. Then, a δ-reference point for
K is defined as a Lipschitz-continuous mapping r : K → R

d which is equivariant under the
considered class of transformations T . The Lipschitz-continuity of r can be expressed by

∀A, B ∈ K : ||r(A) − r(B)|| ≤ c · δ(A, B).

In this context, the Lipschitz constant c is called the quality of the reference point.
The first problem arising is to find reference points for different sets of shapes K and

distance measures δ. The second challenge is to find ways of using these reference points
to construct approximation algorithms based on them. In particular, this means to find
algorithms which find a transformation Φ∗, such that

δ(A, Φ∗(B)) ≤ α · min
Φ∈T

δ(A, Φ(B)), (1)

where α ∈ R
+ is some constant independent from the concrete choice of A, B ∈ K. If

inequality (1) is fulfilled, α is called the approximation factor of the algorithm.
The research is mainly based on a paper by Alt, Aichholzer and Rote ([1]). In this

paper the case of K = C2, the set of compact convex subsets of R
2, and δ as the Hausdorff

distance δH is considered. This distance measure is defined as the smallest ε such that the
Euclidean distance from every point of A to its nearest point of B is at most ε and vice
versa. Exact algorithms to determine the optimal transformation minimizing the Hausdorff
distance under translations, rigid motions and similarity operations are known, but unfor-
tunately the running time of these algorithms is not satisfactory for most applications. The
authors of [1] develop approximation algorithms using reference points for matching under
translations, rigid motions and similarity operations with approximation factors c+1, c+1
and c + 3, respectively, where c is the quality of any δH-reference point. Furthermore, it is
shown that the Steiner point (Steiner Curvature Centroid) is a δH-reference point for C2

of quality 4

π
. It is also shown, that this quality is optimal, which means that there cannot

exist any δH-reference point for shapes in R
2 with a smaller Lipschitz constant. This is

shown using strong functional-analytic tools and the axiom of choice. Therefore the proof
is nonconstructive.
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Summarizing the lower bound on the quality of a reference point of 4

π
and the upper

bound of the algorithm using reference points of quality c + 1 with respect to translations,
it seems reasonable that there are shapes A1, A2, ... which cannot be matched in a way that

∀i 6= j : δH(Ai + ti, Aj + tj) ≤ (1 +
4

π
− β) · δopt

H (Ai, Aj), (2)

where δ
opt
H (A, B) is the optimal Hausdorff distance under translations, β ∈ R

+ is any
constant and ti ∈ R

2 are translation vectors. Observe that under these assumptions the
vectors ti can be interpreted as the reference points of the given shapes. Unfortunately,
those shapes Ai, or even their existence, are not known so far. More knowledge about
the nature of these shapes would lead to a better understanding of the approximation
algorithms and, eventually, to even better algorithms.

Alt, Behrends and Blömer ([2]) follow a slightly different approach. They define ref-
erence points as an equivariant mapping r : K → R

d which leads, by making the two
reference points coincide, to a constant factor approximation (1). We will call these map-
pings pseudo-reference points.

In October 2004, in the early beginning of my time in Utrecht, Remco Veltkamp and I
had the idea of applying the reference point approach to weighted point sets with respect
to the Earth Mover’s Distance (EMD). The Earth Mover’s Distance on weighted point
sets is a useful distance measure for e.g. shape matching and colour-based image retrieval,
see [4], [5] and [6] for more information. The EMD between two weighted point sets A

and B can be interpreted as follows: Imagine the weighted points of A as piles of earth
and those of B as holes. Basically, the EMD is the physical work needed to move the
piles of earth of A into the holes of B, scaled by the minimum total weight of the two
sets. Let now EMDp denote the EMD, when we are regarding the EMD defined on the
ground set R

d with distance measure Lp, 1 ≤ p ≤ ∞. Until now we got a couple of
interesting results on this. First, we have shown that there is an EMDp-reference point
for weighted point sets with equal total weight, namely the centers of mass of these sets.
The quality of this reference point is 1. Second, we have shown that there is also no
reference point for weighted point sets with unequal total weights and, even worse, that
there is no pseudo-reference point for those sets. We have further shown, that the center
of mass is an optimal EMDp-reference point in the sence that there is no reference with a
smaller Lipschitz constant. Furthermore we have developed approximation algorithms for
translations, rigid motions and similarity operations with approximation factors (c + 1),

2d−1
√

d
d−1

(c+1) and 2d
√

d
d−1

(c+1), respectively. The running time of these algorithms are
O(TEMDp(n, m)) for translations and O(nd−1md−1TEMDp) for rigid motions and similarity
operations, where n and m are the number of points of A and B, and TEMDp(n, m) denotes
the time needed to compute the EMDp between those two sets. In the important case
of the EMD defined on the Euclidean distance in the plane, the approximation factors
reduce to 2, 2(c+1) and 4(c+1) and can be calculated in O(TEMD2(n, m)) for translations
and O(nmT EMD2(n, m)) for rigid motions and similarity operations. An upper bound on
TEMDp(n, m) is O(n2m2 log(max{n, m})) using a strongly polynomial minimum cost flow
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algorithm by Orlin ([8]). In practice, of course, using the simplex algorithm to solve the
flow problem or a (1 + ε)-approximation given by Cabello et al. ([3]) will be much faster.

Quite recently, Cabello et al. ([3]) have been working on similar problems. The advan-
tage of our approach is that the results given can be applied to arbitrary dimension and
distance measure on the ground set, even to more than the here mentioned Lp-distances.
Therefore the results are widely applicable.

The EMD, as defined above for weighted point sets, is an instance of a more general
distance function defined on arbitrary subsets of R

d, the so-called Monge-Kantorovich-
Distance, see [9] for more details. We have generalized the reference point method to work
on subsets of R

d with respect to this distance measure.

Future Work

In the last semester I got some additional results on various reference points for different
distance measures and classes of shapes. In the upcoming semester, I plan to elaborate
on these new insights, especially on the case of the L1-distance and the relation between
reference and pseudo-reference points. Finally, I am planning to finish my PhD.

Activities

Talks

• Approximation of the Monge-Kantorovich Distance Under Translations
Noon Seminar of the TI-AG at FU Berlin on August 16, 2005

• Approximation Algorithms for the Monge-Kantorovich Distance Under Translations
5th Workshop on Combinatorics, Geometry and Computation on Hiddensee, Septem-
ber 28, 2005

• Approximation Algorithms for the Monge-Kantorovich Distance Under Translations
Noon Seminar of the TI-AG at FU Berlin on October 20, 2005

• Approximation Algorithms for Computing the Earth Mover’s Distance Under Trans-
formations
16th Annual Symposium on Algorithms and Computation (ISAAC) 2005 in Sanya,
Hainan, China, December 21, 2005

• Stacking and Bundling Two Convex Polygons
Noon Seminar of the TI-AG at FU Berlin on January 19, 2006

Attended events

• Monday Lectures and Colloquia of CGC in Berlin

• Noon Seminar of the TI-AG at FU Berlin
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• European Conference on Combinatorics, Graph Theory, and Applications at Techni-
cal University Berlin, September 5 - 9, 2005

• 5th Workshop on Combinatorics, Geometry and Computation on Hiddensee, Septem-
ber 25 - 28, 2005

• Annual Symposium on Algorithms and Computation (ISAAC) 2005 in Sanya, Hainan,
China, December 19 - 21, 2005

Publications

• O. Klein and R. C. Veltkamp, Approximation Algorithms for Computing the Earth
Mover’s Distance Under Transformations, Proc. 16th Annual Symposium on Algo-
rithms and Computation (ISAAC) 2005
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